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Abstract 
The shear failure of reinforced concrete beams has been widely investigated over many years. 
Despite this, there is no consensus on the relative importance of the underlying mechanisms 
of shear resistance. The main objective of this thesis is to develop improved design guidelines 
for shear enhancement in beams with multiple concentrated loads applied on their upper side 
within a distance of 2d  from the edge of supports (where d  is the beam effective depth). 
The research involves a combination of laboratory testing, nonlinear finite element analysis 
and analytical work.  
Many tests have been carried out on beams with single point loads within 2d of supports but 
only a handful on beams with multiple point loads within 2d of supports. This is a significant 
omission since such loading commonly arises in practice. The author carried out a series of 
tests on beams loaded with up to two point loads within 2d of supports. The tests were 
designed to investigate the influences on shear strength of loading arrangement, cover and 
bearing plate dimensions. The latter two were varied to investigate the underlying realism of 
key assumptions implicit in the Strut and Tie Modelling (STM) technique. Detailed 
measurements were made of the kinematics of the critical shear crack. These measurements 
were used to assess the relative contributions of aggregate interlock, dowel action and the 
flexural compressive zone to shear resistance.  
Novel STMs are proposed for modelling shear enhancement in simply supported and 
continuous beams. NLFEA is used to assist in the development of the STM. The STM are 
validated with test data and are shown to give reasonable strength predictions that are of 
comparable accuracy to the author‟s NLFEA. STM gives particularly good predictions of 
shear resistance if the strut strengths are calculated in accordance with the recommendations 
of the modified compression field theory rather than the recommendations of Eurocode 2, 
which can result in strength being overestimated. However, the STM are shown to 
overestimate the influences of bearing plate dimensions and cover on shear resistance. 
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Chapter 1  
Introduction 
1.1 General aspects 
Reinforced concrete is widely used in many types of structures, including buildings, bridges, 
and underground structures. The guiding principle is that concrete is used to resist 
compression and reinforcement to resist tension after the concrete cracks. Over the past 50 
years, considerable research has been carried out to investigate the behaviour of reinforced 
concrete members. It is well established that the stresses in reinforcement are very low before 
cracking. The distribution of internal forces changes after cracking and the tensile stresses in 
the reinforcement increase significantly.  
Reinforced concrete beams can fail in shear, flexure or a combination of the two. Shear 
failure is undesirable as it typically occurs suddenly with little warning unlike flexural failure 
which is ductile provided the flexural tension reinforcement yields. Shear failure is complex, 
and unlike flexural failure, is still a subject of intense research and debate. At the 1970 
Federation international de la Precontrainte Congress, Professor Fritz Leonhardt (Leonhardt, 
1970) suggested that one of the main reasons for the poor quality of design provisions for 
shear and torsion was that the strengths were influenced by about 20 variables. He also 
suggested that another contributory factor was that many of the available experimental results 
were either of poor quality or impractical. Numerous concrete structures constructed over the 
past few decades in countries such as China, Japan and USA do not meet current design 
requirements, particularly with regard to ductility and shear capacity. Much of the recent 
effort that has been expended in improving design provisions for shear has been motivated by 
shear failures of existing structures, which were designed using early code equations. On 
February 21st 2011, a grade separation bridge in Zhejiang Province, China suddenly failed in 
shear, causing the collapse of a major overpass and injuring 3 people (Figure 1.1). Several 
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reinforced concrete slabs were severely damaged. Insufficient shear capacity and lack of 
ductility in main slabs and beams were identified as the causes of collapse. A similar failure 
occurred to the Huairou Bridge which was only in service for around 13 years. Accidents like 
these are too numerous to mention. 
    
Figure 1.1: A grade separation bridge collapsed in shear, China (2011) 
Over the last 30 years, a large number of experimental investigations have been carried out to 
determine the shear strength of reinforced concrete short-span beams (Smith and Vantsiotis, 
1982, Kotsovos, 1984, Shin et al., 1999, Sagaseta and Vollum, 2010, Mihaylov et al., 2013). 
These investigations suggest that shear failure of reinforced concrete beams is often 
associated with the stress conditions in the region of the path along which the compressive 
force is transmitted to the supports. Shear failure is often characterised by crushing of the 
compression zone at the top of the critical diagonal shear crack. Other types of shear failure 
include localised crushing of concrete at the supports, web crushing and anchorage failure.  
1.2 Objectives 
This research is concerned with shear enhancement in beams with loads applied on their 
upper side within a distance  2va d from the edge of supports (where d is the beam effective 
depth). The research aims to develop an improved understanding of the realism of various 
assumptions which are typically made in the development of STM and the shear mechanism 
of beams based on observed failure kinematics. The current research involves a combination 
of laboratory testing, non-linear finite element analysis and analytical work. The main 
objectives of this work are highlighted below: 
1. To carry out an experimental investigation into shear enhancement in short span 
beams. 
Shear Enhancement in Reinforced Concrete Beams                                                              Chapter 1 Introduction                                                                  
 
35 
 
2. To evaluate the design provisions for shear enhancement in Eurocode 2 (EC2) (BSI, 
2004), BS8110 (BSI, 1997) and fib Model Code 2010 (fib, 2010). 
3. To carry out Nonlinear Finite Element Analysis (NLFEA) of the tested specimens 
using DIANA (TNO-DIANA, 2011). Compare the experimental crack patterns and 
reinforcement strains with those from the NLFEA. 
4. Make use of the stress fields from the NLFEA to develop strut and tie models for 
beams with up to two-point loads applied within a distance  2va d from the edge of 
supports. 
5. To use the STM to carry out parametric studies to investigate influence of key 
parameters on the shear strength of short-span reinforced beams. 
6. To investigate shear transfer mechanisms in the tested beams using various empirical 
and theoretical models. Make use of the experimentally measured cracking pattern 
and failure kinematics. 
7. To develop STMs for continuous deep beams based on the experimental evidence 
obtained from the tests of Rogowsky et al. (Rogowsky et al., 1983, Rogowsky et al., 
1986) 
1.3 Outline of thesis 
This thesis consists of eight chapters which are organised as follows: 
 Chapter 1 introduces the research and described its objectives. 
 Chapter 2 reviews the mechanisms of the shear resistance in reinforced concrete 
beams. The modelling of the contributions of aggregate interlock, dowel action and 
flexural compression zone is discussed in detail. The codified design provisions of 
EC2 (BSI, 2004), BS8110 (BSI, 1997) and fib Model Code 2010 (fib, 2010) are 
described. This is followed by a review of various state of the art design models for 
shear includes Zararis shear strength model (Zararis, 2003), Unified Shear Strength 
model (Kyoung-Kyu et al., 2007) and Two-Parameter kinematic theory (Mihaylov et 
al., 2013). The chapter concludes with a review of the strut and tie modelling (STM) 
method. 
 Chapter 3 describes the basis of the NLFEA carried out in this research. Some 
comparisons are presented to illustrate the sensitivity of the NLFEA predictions to the 
choice of constitutive parameters and their defining parameters. 
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 Chapter 4 describes the experimental methodology adopted in this research. Two 
series of short-span beams with and without shear reinforcement were tested. The 
design aspects and manufacturing process of the beams, and the instrumentation are 
presented. 
 Chapter 5 presents the experimental results of the beam tests. A detailed description 
of the failure modes, crack patterns, relative displacements, reinforcement strains and 
beam rotations is given. 
 Chapter 6 analyses the experimental data presented in Chapter 5 using empirical 
design equations in design codes and other design methods found in literature. A STM 
is developed for beams loaded with two point loads within 2d  of supports (where d  
is the beam effective depth). The realism of the key assumptions made in the STM is 
investigated and conclusions are drawn. NLFEA is carried out to evaluate the realism 
of the stress fields adopted in the proposed STM. Finally, a detailed study is made of 
shear transmission through the critical shear crack. Comparisons are made between 
the measured and calculated crack patterns and reinforcement strains to assess the 
realism of the NLFEA predictions.  
 Chapter 7 develops a STM for modelling centrally loaded two span deep beams. The 
model is evaluated using test data from Rogowsky et al. (Rogowsky et al., 1983, 
Rogowsky et al., 1986) . Comparisons are made between the predictions of NLFEA 
and the STM. Parametric studies are carried out to assess the influence of key 
parameters like the areas of vertical and horizontal web reinforcement. 
 Chapter 8 summarises the research and its main conclusions. Suggestions are made 
for future work. 
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Chapter 2  
Literature Review 
2.1 Introduction 
Shear failure is undesirable since it is a brittle mode of failure which occurs with little or no 
warning, unlike the flexural failure of under-reinforced concrete beams which deflect 
significantly prior to failure giving warning of impending failure. The flexural failure load is 
also readily calculated. For this reason, all codes give similar design provisions for flexural. 
This is not the case for shear failure where the semi-empirical equations typically provided in 
design codes can give unsatisfactory results (Collins et al., 2008). 
The chapter briefly reviews recent research into shear and discusses the following design 
methods which are representative of the state of the art.  
 The design methods in EC2, BS8110 and fib Model Code 2010. 
 Zararis shear strength model (Zararis, 2003) 
 Unified Shear Strength model (Kyoung-Kyu et al., 2007)  
 Two-Parameter kinematic theory model (Mihaylov et al., 2013) 
 Modified compression field theory (Vecchio and Collins, 1986).  
 Strut-and-tie modelling  
The limitations, assumptions and different outcomes of these methods are assessed in this 
chapter. Several crack dilatancy models for modelling shear transfer through aggregate 
interlock are also described. These models are used in chapter 6 to assess shear transfer 
through cracks using experimental data from the author‟s beam tests. 
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2.2 Mechanisms for shear transfer in reinforced concrete beams 
2.2.1 General aspects 
In one-way reinforced concrete members, the flexural moment of resistance M is expressed as 
the product of the tensile force in longitudinal reinforcement T and the flexural lever arm z, 
see equation (2.1). To gain an improved understanding of shear mechanisms, the shear force 
V can be expressed as the gradient of the bending moment diagram along the length of the 
member (Collins et al., 2008). It follows that:  
M Tz                                                                                                (2.1) 
dM dT dz
V z T
dx dx dx
                                                                                                    (2.2) 
The first component 
dT
z
dx
in equation (2.2) is known as “beam action”, as it gives the 
variation in the tensile force in the reinforcement along the beam for a constant lever arm. 
Cracking causes a reinforced concrete beam to develop a comb-like structure once the cracks 
penetrate to the neutral axis. Beam action shear gives rise to bond forces between the 
concrete and the longitudinal reinforcement. Beam action arises in slender beams (with 
/  ~ 3a d  where a  is the shear span and d  the effective depth). It is limited by failure of the 
concrete teeth formed by successive flexural or inclined cracks, which causes bond failure or 
yielding of flexural reinforcement. The second part of equation (2.2) denotes arching or strut 
and tie action as the tensile force T is constant and the lever arm z is variable. Shear transfer 
by arching action predominates in short-span beams (with1 /  3va d  ) and deep beams 
(with /  1va d  ) where the region is disturbed by either the loading or the geometry of the 
member. Arching action is geometrically incompatible with beam action in which plane 
sections remain plane. Therefore, aching action only can control shear strength after beam 
action breaks down (Collins et al., 2008). 
The mechanisms of shear resistance have been investigated by  many authors with notable 
contributions by amongst others (Walraven and Reinhardt, 1981, Gambarova and Karakoc, 
1983, Millard and Johnson, 1985, Zararis, 1997, Sagaseta and Vollum, 2011, Mihaylov et al., 
2013, Campana et al., 2013). Shear in cracked reinforced concrete beams is resisted by the 
flexural compression zone, aggregate interlock, shear reinforcement (if present) and dowel 
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action as shown in Figure 2.1. The contribution of each of these mechanisms varies 
significantly as the beam is loaded to failure with the contribution of each dependent on the  
kinematics (opening and sliding) of the critical crack and its shape  (Campana et al., 2013). 
Various physically based analytical models have been developed to assess the contribution of 
each action. According to previous studies, the mechanism of shear transfer in a cracked 
concrete beam is as shown in the free body diagram of Figure 2.1.  
 
Figure 2.1: Shear transfer in a free body diagram  
Shear force is resisted by the combined action of the vertical components of the forces shown 
in Figure 2.1:  
Rd cz ag d sV V V V V                                                                                                     (2.3) 
where 
czV is the shear force resisted by the uncracked compression zone, agV  is the vertical 
component of shear force due to aggregate interlock, 
dV  is the shear force resisted by dowel 
action and sV  is the shear force resisted by vertical reinforcement. The magnitude of each 
component of resistance depends on the crack shape and its kinematics. 
According to previous investigations, aggregate interlock is an important component of shear 
resistance for concrete members, especially for members without shear reinforcement 
(Fenwick and Paulay, 1968, Kani et al., 1979, Taylor, 1970). Dowel action is another 
important component of shear transfer and has been widely investigated by many researchers 
(Krefeld and Thurston, 1966, Taylor, 1969, Walraven and Reinhardt, 1981, Millard and 
Johnson, 1985, He and Kwan, 2001). Several significant studies also have been made into the 
contributions to shear resistance of shear reinforcement (Sigrist, 1995, Campana et al., 2013) 
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and the flexural compression zone (Tureyen and Frosch, 2004, M rsch and Goodrich, 1909, 
Reineck, 1991). According to Fenwick and Paulay‟s experiments, aggregate interlock 
provides approximately 70% of the total shear resistance with the remaining 30% being taken 
by the compression zone and dowel action. Taylor concluded that 35-50% of the shear in his 
tests was carried by aggregate interlock with the compression zone and dowel action 
contributing 20-40% and 15-25% respectively (Taylor, 1970). The relative contribution of 
each mechanism also depends upon whether shear reinforcement is present. For example, 
Campana et al. investigated shear transfer in beams with minimal stirrups. They concluded 
that aggregate interlock provided 20%-40% of the total shear resistance, shear reinforcement 
contributed 30-40% of shear with the remainder taken by the compression zone, the residual 
tensile strength of concrete across cracks and dowel action (Campana et al., 2013). 
2.2.2 Aggregate interlock action 
Various numerical models have been developed to calculate the shear resistance provided by 
aggregate interlock. In this section, three empirical models and one theoretical model are 
reviewed. These models are subsequently used in Chapter 6 to assess the impact of aggregate 
interlock in the author‟s beam tests. Of the models considered, the Walraven & Reinhardt 
(1981), Gambarova & Karakoc (1983) and Hamadi & Regan (1980) models were developed 
from a regression analysis of experimental results whereas Li‟s crack dilatancy model (1989) 
was developed from contact density theory. 
Linear aggregate interlock model (Walraven and Reinhardt, 1981) 
The linear aggregate interlock model of Walraven and Reinhardt (1981) is one of the most 
widely used aggregate interlock models. The model is based on a linear regression analysis of 
data from push off tests which investigated the influence on shear transfer of reinforcement 
ratio, bar diameter, concrete strength and roughness of the crack plane. The model relates the 
crack shear ( cr ), and normal ( cr ) stresses, to the crack opening ( w ) and sliding ( s ) 
displacements as shown in Figure 2.2. The formulations suggested for normal gravel concrete 
are as follows: 
  -0.8 -0.707- 1.8 0.234 -0.20 ·
30
cu
cr cu
f
w f w s                                                     (2.3a) 
  -0.63 -0.552- 1.35 0.191 -0.15
20
cu
cr cu
f
w f w                                            (2.3b) 
Shear Enhancement in Reinforced Concrete Beams                                                    Chapter 2 Literature Review                                                                 
 
41 
 
The equivalent results for lightweight concrete are as follows: 
 -1.233- 1.495 -1 ·
80
cu
cr
f
w s                                                                          (2.4a) 
 -0.87- 1.928 -1 ·
40
cu
cr
f
w s                                                                      (2.4b) 
In this model, normal and shear stresses are restricted to be positive. Figure 2.2 shows the 
relationship between crack shear stress and sliding for various crack widths.    
        
 (a) Normal gravel concrete                                            (b) Lightweight concrete 
Figure 2.2: Aggregate interlock model (Walraven and Reinhardt, 1981): (a) Normal gravel 
concrete; (b) Lightweight concrete 
The stiffness of aggregate interlock with normal gravel concrete is greater than that with 
lightweight concrete. Consequently, higher shear stresses can be transferred through cracks in 
normal gravel concrete members for a given crack sliding displacement. Figure 2.2 also 
shows that this model requires a minimum sliding displacement to activate shear stresses in 
the crack. 
Rough crack model (Bazant and Gambarova, 1980, Gambarova and Karakoc, 1983) 
The rough crack model was initially developed by Bazant and Gambarova in 1980. This 
model neglects dowel action and kinking of the reinforcement in cracks. It appears to be valid 
for various concretes. The shear transmission is highly dependent on the displacement ratio of
/r s w . Besides concrete compressive strength ( '
cf ), crack opening ( w ) and sliding ( s ), 
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additional parameters of maximum aggregate size (
maxD ) and concrete tensile strength ( tf ) 
are introduced in this model which are formulated in equation (2.5). 
3
3 4
4
41
cr u
a a r
r
a r
 



                                                                                                              (2.5a) 
1
2- ( )
p
cr t
a
a f
w
                                                                                                                  (2.5b) 
 with /r s w ; 0
0 2
0
u
a
a w
 

; '
0 0.245 cf  ;  
2
0.231
1.3 1-
1 0.185 5.63
p
w w
 
  
  
; 
2
0 max 1 2 3 4
0 0
2.45 4
0.01 ; 0.000534; 145; ; 2.44(1- )a D a a a a
 
      
One of the main characteristic of this model is that the crack opening ( w ) is limited to a 
maximum of 
max / 2D as the aggregates loose contact at the crack if the normal crack 
displacement is too large. 
Based on this initial rough crack model, a better formulation of the relation between normal 
traction and crack displacements was proposed by Gambarova & Karoc in 1983 (Figure 2.3). 
 
Figure 2.3: Rough crack model (Bazant and Gambarova, 1980, Gambarova and Karakoc, 
1983) 
They modified Equation (2.5) to: 
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3
3 4
0 4
max 4
( | | )2
(1 )
(1 )
cr
a a rw
r
D a r
 

 

                                                                         (2.6a) 
 
1 2 0.25
2
-
1
cr t
r
a a w f
r
 

                                                                                         (2.6b) 
with 
1 2 0.62a a  ; 3
0
2.45
 a

 ; 4
0
4
 2.44 1a

 
  
 
; '
0 0.25 cf   
Hamadi & Regan’s crack dilatancy model  (Hamadi and Regan, 1980) 
Hamadi & Regan‟s model is a simplified crack dilatancy method for aggregate interlock, see 
equation (2.7), which was developed from regression analysis of push off data. In this model, 
the stiffness of interlock action ( /cr s ) is a function of crack width and aggregate type, and 
the ultimate shear strength depends on the normal stress and aggregate type rather than crack 
displacement. 
cr
k
s
w
                                                                                                                 (2.7a) 
ult c                                                                                                                    (2.7b) 
The suggested values of k are 5.4 N/mm
2
 and 2.7 N/mm
2
 for natural gravel and expanded 
clay aggregate respectively. The physical reason for the difference in the suggested values of 
k  is that in the tests of Hamadi and Regan (1980) cracks passed around the gravel aggregate 
but through the expanded clay aggregate resulting in a smooth crack. 
The shear friction type approach of equation 2.7b is adopted used in various national design 
codes, such as EC2 and ACI-318. Its limitation is that it ignores the influence of crack 
displacement which governs shear resistance through aggregate interlock.  
Contact density model (Li et al., 1989) 
The contact density model analyses aggregate interlock using contact density probability 
functions )( . It assumes that a crack plane consists of a number of contact units with 
various inclinations, which are in the range of –π/2 to π/2. The direction of each contact stress 
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is proposed to be fixed and the contact stress (
con ) is obtained by an elasto-perfectly plastic 
model. The mathematical formulation for this model is give by equations (2.8). 
   
/2
/2
cr con tK w A sin d


    

                                                                  (2.8a) 
   
/2
/2
cr con tK w A cos d


    

                                                             (2.8b) 
The density function  Ω   is proposed as a trigonometric formula which is independent of 
the strength, size, grading and the type of the aggregate (Li et al., 1989). The surface area    
is suggested to be 1.27 time of the section area of crack plane.  K w is the effective ratio of 
contact area, which presents the contact stage along the crack when w is large enough 
compared with the roughness of the crack surface. The crack stress and displacement 
relationship is shown in Figure 2.4. 
 
Figure 2.4: Density contact model (Li et al., 1989) 
Li, Maekawa, Okamura & Soltani developed a simplified formula based on the contact 
density in their later work (Equation 2.9) (Li et al., 1989, Soltani, 2002). The crack stress is a 
function of /r s w , which is similar to the rough crack model. 
2
' 1/3
2
3.83
1
cr c
r
f
r
 

                                                                                                    (2.9a) 
' 1/3 1
2
3.83
2 1
cr c
r
f cot r
r

 
 
    
                                                      (2.9b) 
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2.2.3 Dowel action 
To analyze the behaviour of reinforcement in beam tests, dowel action needs to be considered, 
as it contributes to shear transmission through cracks. Several load-deformation models for 
dowel action have been developed over the past few decades, with notable contributions by 
amongst others Walraven and Reinhardt (1981), Millard and Johnson (1984) and He and 
Kwan (1992). These models are typically based on considerations of the classic beam on 
elastic foundation problem. The following section reviews the dowel models of Walraven & 
Reinhardt, Millard & Johnson and He & Kwan. 
Walraven & Reinhardt dowel action model (Walraven and Reinhardt, 1981) 
According to the experimental evidence provided by Eleiott (1974), the dowel stiffness is 
reduced by the application of an axial tensile force. The reduction in stiffness is related to the 
magnitude of the axial stress as a proportion of the bar yield capacity. Based on this 
observation, Walraven and Reinhardt suggested that the dowel stiffness should be reduced by 
the following multiple to account for the adverse effect of axial tension:  
 
1
0.20 0.2 

                                                                                                               (2.9) 
The reduction in shear stiffness given by equation (2.9) depends on the crack width which is 
measured perpendicularly to the bar.  Walraven & Reinhardt give the following equation for 
estimating the dowel force in terms of the crack opening and sliding displacements: 
 
1 0.36 1.75 '0.3810 0.2d cF s f 

                                                      (2.10) 
The expression takes into account the shear displacement ( s ), influence of crack width ( ), 
bar diameter ( ) and concrete strength ( '
cf ). 
Millard & Johnson dowel action model (Millard and Johnson, 1984) 
Millard & Johnson (1984) developed the following expression for the shear force resisted by 
dowel action which is based on the analysis of a beam on an elastic foundation. 
0.75 1.75 0.250.166d f sF s G E                                                                         (2.11) 
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where,    is the shear displacement across the crack and    is the foundation modulus for 
concrete which can be described as 126.26f cuG f . However, the high concentrated stress 
around the concrete causes a non-linear dowel behaviour, so equation (2.11) only can be used 
to calculate the initial dowel force.  
According to previous investigations, the non-linear shear stiffness of dowel behaviour is 
attributed to one or both of the two following reasons: a) crushing or splitting of the concrete 
supporting the bar, b) plastic yielding of the reinforcement. 
The overall dowel action behaviour in the beam can be formulated as follows: 
1 exp id du
du
K s
F F
F
       
  
                                                                           (2.12) 
where 
dF  is dowel force, duF is ultimate dowel force, iK is initial dowel stiffness and s  is 
crack sliding. 
To calculate the ultimate dowel force and initial dowel stiffness the following equations were 
proposed. 
  
0.5
2 0.5 21.3 1du cu yF f f                                                                                           (2.13) 
where  the diameter of rebar, 
cuf is cube strength of concrete, yf is yield stress of 
reinforcement, α is the ratio of axial stress to the yield stress of reinforcing steel ( /s yf f ).  
0.75 1.75 0.250.166i f sK G E                                                                                 (2.14) 
where fG is the foundation modulus for concrete and is given by 126.26f cuG f .  sE  is 
elastic modulus of reinforcement. 
He & Kwan dowel action model (He and Kwan, 2001) 
The He & Kwan dowel action model was proposed in a smeared form and is compatible with 
the reinforcement and smeared crack models commonly used in finite element analysis. The 
dowel action behaviour of the reinforcement in this model is analyzed by treating each 
reinforcement as a beam and using the “Beam on elastic foundation theory” (Hetenyi, 1958) 
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to deal with the interaction between the surrounding concrete and reinforcement. The 
relationship between dowel force and crack displacement is expressed as follows: 
3
d s sF E I s                                                                             (2.15) 
where 
sE  is the modulus of elasticity of reinforcement, sI  is the moment of inertia of the bar 
which equals to 4 / 64 ,   is the diameter of bar,   is a parameter regarding to the relative 
stiffness of the foundation which is given by: 
4
4
c
s s
k
E I

                                                                                                         (2.16) 
where 
ck  is the foundation modulus of surrounding concrete. It can be calculated by the 
expression proposed by Soroushian et al. (1987): 
'1/2
1
2/3
127 c
c
c f
k

                                                                                                       (2.17) 
where 1c  is a coefficient which equals to 0.6 for a clear bar spacing of 25mm and 1.0 for 
larger bar spacing. 
In this model the ultimate dowel action is defined with equation (2.18), which was developed 
by regression analysis of the experimental results of Dulacska (1972). 
 
1/2
21.27du c yF f f                                            (2.18) 
2.2.4 Contribution of shear reinforcement 
Many investigations have been made to assess the contribution of stirrups to shear resistance. 
Various studies have been carried out to determine the contribution of stirrups to shear 
transfer at cracks of which the studies of Sigrist (1995) and Campana (2013) are particularly 
relevant to the present research. Sigrist (1995) developed a method for calculating the stress 
in a stirrup in terms of crack width. He assumed a stepped rigid-perfectly plastic bond 
behaviour at the interface between concrete and reinforcement (Figure 2.5). Prior to yielding, 
the bond stress is assumed to be 0 2b ctf  . Following the  onset of yielding, the bond stress is 
assumed to reduce to 1b ctf  , where     is the tensile strength of concrete (Sigrist, 1995). 
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Figure 2.5: Bond shear stress-slip relationship 
This methodology has been proved to be valid before and after bar yielding. The tensile force 
in the stirrups is a maximum at the cracks, where all the tension is assumed to be resisted by 
the stirrups, and decreases away from the cracks due to bond between the reinforcement and 
concrete. Based on this assumption, the shear force carried by each set of vertical stirrups can 
be calculated as follows:  
2
4
s
S
n
V
  
                                                                                                                (2.19) 
where n  is the number of legs in one set of stirrups and s  is the vertical stresses in the 
stirrups, which can be calculated as follows: 
 
Figure 2.6: Stress diagram of a bar 
According to the force equilibrium (Figure 2.6), the stress of any points along the bar can be 
expressed as below. 
b
x s
sw
x
A

                                                                                                          (2.20) 
where swA  is the bar area and s is the reinforcement stress at the crack at 0x  . 
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(a) Prior to yielding                                                       (b) After yielding 
Figure 2.7: Bar member, Crack pattern, Bond behaviour, Stress diagram, Strain diagram: (a) 
Prior to yielding; (b) after yielding 
The corresponding distributions of bond and reinforcement stress are shown in Figure 2.7 
along with the corresponding strain distribution along the stirrups. Following cracking, 
concrete strains are typically negligible compared with the steel strains. Consequently, the 
crack width ( w ) can be obtained by integration of the steel strains (Figure 2.7) 
0
2
L
sw dx                                                                                                           (2.21) 
in which L is the distance over which slip occurs. 
 stirrups in elastic stage 
Shear Enhancement in Reinforced Concrete Beams                                                    Chapter 2 Literature Review                                                                 
 
50 
 
Before bar yielding, the bond stress is constant
0 2b ctf  , the effective length over which slip 
occurs, which is defined as the effective stirrups length, can be expressed as:  
0
s sw
b
A
L


                                                                                                                    (2.22) 
So, if w is known, the reinforcement stress s  can be formulated as 
2 s t
s
sw
E f
w
A

                                                                                                               (2.23) 
 stirrups in plastic stage 
After bar yielding, the bond stress is constant
0b ctf  , the effective length of stirrups (L) is 
sum of 
1L  and 2L , where 1L and 2L  can be presented as below. 
 
1
1
S y
sw
b
f
L A



                                                                                                  (2.24) 
2
0
y
sw
b
f
L A

                                                                               (2.25) 
As stated before, the crack width ( w ) can be obtained by integration of the steel strains. In 
this case, w can be expressed below: 
 
2
2 2
0 1 1 1
2
2 2
s yy s y y
sw s b b s b s b
ff f f
w
A E E E E
 
   
 
    

 
 
                                                    (2.26) 
where
s yf  , E is post peak stiffness of reinforcement which can be obtained from bar test.  
Consequently, s  can be estimated by equation (2.26) in terms of the known crack width 
( w ). 
2.2.5 Contribution of compression chord 
As previously discussed, aggregate interlocking, dowel action and transverse reinforcement 
(if provided) all contribute to shear resistance in cracked reinforced concrete beams. The 
compression chord ( czV ) also contributes to shear resistance as shown in Figure 2.1. Several 
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researchers have investigated the shear contribution of the compression chord over the past 
few decades (Tureyen and Frosch, 2004, Kyoung-Kyu et al., 2007, Mihaylov et al., 2013). 
According to these investigations, the compression chord makes important contribution to 
shear transfer. The contribution of the compression chord to shear resistance can be 
determined from vertical equilibrium as follows:   
- - -cz Rd ag d sV V V V V                                                                    (2.27) 
Park et al. (2011) introduced a strain based failure criterion to quantify the shear resistance 
provided by the flexural compression zone. The compression zone is subjected to combined 
compressive and shear stresses. The critical shear stress in the compression zone is normally 
controlled by tension because the tensile strength of concrete is much lower than its 
compressive strength (Park et al., 2011). The basis of the model is illustrated in Figure 2.8. 
Prior to tensile cracking, shear resistance is provided by the entire cross section. After tensile 
cracking is initiated, shear resistance is assumed to be provided by the flexural compression 
zone, which results in decreased shear capacity due to the reduction in the effective depth of 
the compression zone. The shear capacity increases with the normal compressive stress and 
strain after the tensile crack reaches the neutral axis. When the concrete strain (
0 ) exceeds 
the limiting compressive strain (
0 ), part of the compression zone experiences compression 
softening and hence the shear capacity reduces again.  
 
Figure 2.8: Profile of governing shear stress capacity (Park et al., 2011) 
The key features of the model are that the shear resistance is related to the depth of the 
flexural compressive zone and the strain in the flexural reinforcement at failure. The shear 
resistance of the compression zone is calculated as follows: 
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' '
n t tV f f b c                    0 0                (2.28a) 
' ' /n t tV f f b c           0 0                (2.28b) 
where 
 2 '. cf                               for  0 0   
'2 .
3
cf                                        for  0 0   
b is the width of critical section, c is the flexural compressive depth, 0 is the compressive 
strain corresponding to the compressive strength of concrete, equal to 0.002, 
0 is the 
concrete compressive strain at the top beam, while '
tf  is the reduced tensile strength of the 
concrete in tension-compression which is defined by equation (2.29) (Kupfer, et al. 1969). 
'
1
'
2
1 0.75
t
t
t
c
f
f
f
f



  
   
  
                                                                                                     (2.29) 
The unknowns 
1  and 2  in this equation are the principal compressive and tensile stresses 
respectively. The expressions are shown below. 
2
2 '
1
2 2
u u
u cv f
 

 
    
 
           for a failure controlled by compression                    (2.30a) 
2
2
2 '
2 2
u u
u tv f
 

 
     
 
        for a failure controlled by tension                            (2.30b) 
where u  and uv  are the compressive normal stress and shear stress acting on the cross-
section of the compression zone. The shear capacity can be calculated by substituting 
equations (2.29) and (2.30) into equation (2.28).  
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2.3 National design codes for reinforced shear beams  
Shear design provisions for beams have resulted in considerable debate over the last few 
decades as there is no consistent viewpoint on the governing mechanisms of shear resistance 
and controlling parameters. Most current code provisions for shear design are based on 
empirical relationships for the shear resistance 
,Rd cV  of members without shear reinforcement, 
and combinations of empirical equations for 
,Rd cV  and truss models for members with shear 
reinforcement. This section describes the shear design equations of EC2 (BSI, 2004), BS8110 
(BSI, 1997) and fib Model Code 2010 (fib, 2010). 
2.3.1 Sectional approach for reinforced shear beams in EC2 
EC2 gives the following empirical equation for the shear resistance of reinforced beams 
without shear reinforcements (BSI, 2004).  
 
1
3
, 0.18 100 0.15Rd c l ck cpV k f b 
 
  
 
                                                                            (2.31) 
Where: 
1 200 2.0k d   with d in mm, 0.02l sl wA b d   , slA  is the area of tensile 
reinforcement, b  is the width of the cross-section (mm), cp is the design axial stress = 
Ed cN A , ckf  is the characteristic compressive cylinder strength of concrete. 
This semi-empirical equation takes into account for size effect, reinforcement ratio, concrete 
strength and dowel action (Sagaseta and Vollum, 2010). Increasing the longitudinal 
reinforcement ratio increases the shear resistance. This is attributed to the consequent a) an 
increase in the depth of the flexural compression zone and b) the reduction in crack width 
which increases the effectiveness of aggregate interlock. 
The factor k in equation (2.31) accounts for size effects. Tests show that the shear strength 
/V bd  reduces with increasing beam depth. Various explanations are given for the size effect 
in the literature. For example Collins et al. (2008) attribute the size effect to an increase in 
crack width with beam depth. The increase in crack width significantly reduces the 
effectiveness of aggregate interlock and hence leads to a reduction in shear strength (Vollum, 
2007). On the other hand, fracture mechanics relates the size of structural element to the 
Shear Enhancement in Reinforced Concrete Beams                                                    Chapter 2 Literature Review                                                                 
 
54 
 
tensile strength of the material which directly influences the shear strength of specimens 
(BAZANT, 1985).   
The concrete strength also significantly affects the shear capacity. With increasing
ckf , the 
shear resistance increases significantly due to an increase in the shear resistance provided by 
dowel action, compression zone and aggregate interlock. 
Regarding reinforced concrete beams with shear reinforcement, several design methods are 
refinements of the classical 45° truss analogy in which the shear strength is taken as
, , Rd Rd c Rd sV V V  , where , Rd cV and , Rd sV represent the contributions of the concrete and shear 
reinforcement respectively. In EC2, a variable strut inclination method is adopted to design 
the reinforced concrete beams with shear reinforcement. It assumes that the shear force is 
entirely resisted by a truss consisting of concrete struts equilibrated by shear reinforcement so
, 0Rd cV  . Hence , Rd sV  is expressed by the vertical equilibrium of beam web as follows: 
, /Rd s sw ywdV A f zcot s                                                                                         (2.32) 
where 
swA  is the area of shear reinforcement, ywdf  is the design yield strength of the stirrups,  
z is the lever arm for shear which is recommended to be 0.9d in EC2, s is the stirrups 
spacing and   is defined as the angle between the concrete struts and the longitudinal axis of 
the beam, which is allowed to vary between 21.8° to 45° depending on the applied shear 
force.  
EC2 also defines the maximum possible web shear capacity. It is calculated from a 
consideration of shear force resisted by the prismatic stress field between the fans. The 
principal compressive stress in the web is assumed to be equal to the effective concrete 
compressive strength and the principal tensile stress in concrete is assumed to be zero. Hence, 
the web shear capacity can be expressed as in equation (2.33). 
 ,max / cot tanRd cdV bzvf                                                                 (2.33) 
where v  is the concrete strength reduction factor which is defined as  0.6 1 / 250ckf , cdf  is 
the design concrete strength. To calculate shear resistance of beams with stirrups, the value of  
cot  is usually taken as large as possible to minimise the area of shear reinforcement. To 
demonstrate that  cot 2.5   is valid or not, 
,Rd maxV  is calculated in terms of cot 2.5  . If 
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the design shear force 
EdV  is less than the maximum shear capacity ,Rd maxV , then this 
assumption is correct. Otherwise, cot should be sort out by equating EdV  to ,Rd maxV . 
The shear strength of reinforced concrete beams increases significantly as the ratio of the 
shear span to the effective depth reduces below around 2. EC2 accounts for this by reducing 
the component of the design shear force 
EdV  by the multiple 
2
va
d
  for 2v
a
d
  (where va  is 
the shear span and d is the effective depth).  
This sectional approach has several shortcomings. The principal problem is related to the 
concrete strength. In 1987, Walraven demonstrated that the lower strength concrete classes 
give reasonable results while the larger concrete strength results in an unacceptable deviation 
(Walraven, 1987).  
2.3.2 Sectional approach for reinforced shear beams in BS8110 
BS8110 uses the following equation to calculate the design shear strengths of beams without 
shear reinforcement (BSI, 1997). 
1 11
3 34
,
100 400
0.79( ) ( ) ( )
25
sl cu
Rd c
A f
V bd
bd d
                                                (2.34) 
where 
slA is the area of tensile reinforcement. cuf is the compressive cube strength of concrete, 
b is the width of the cross-section, d is the effective depth, 100 sA bd  should not be taken as 
greater than 3,  
1 4
400 d  should not be taken as less than 0.67 for members without shear 
reinforcement and 1 for members with shear reinforcement. 
Similar to EC2, this semi-empirical equation also takes into account the reinforcement ratio, 
size effect, concrete strength and dowel action. However, BS8110 allows the shear resistance 
provided by the concrete to be enhanced by multiplying factor
2
v
d
a
   to consider the 
contribution of arching action for short-span beams or deep beams. In addition, BS8110 
assumes that shear force is carried by concrete and shear reinforcement unlike EC2. 
Consequently, shear resistance RdV  is the sum of , Rd cV and , Rd sV . BS8110 gave an equation to 
calculate the required shear reinforcement for sections close to supports as follows: 
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 ( 2 / ) / 0.95sw v c v ykA a b v dv a f                                        (2.35) 
where v is the applied shear stress which is given by /RdV bd and cv is the shear resistance 
provided by concrete which is given by equation (2.34). Then, shear resistance  
RdV  can be 
derived as in equation (2.36). 
,
2
0.95Rd Rd c sw yk
v v
d d
V V nA f
a a
                        (2.36) 
where 0.95 sw yd
v
d
nA f
a
denotes the shear contribution from shear reinforcement. 
Further discussion on this design provision is given in Chapter 6.  
2.3.3 Sectional approach for reinforced shear beams in fib Model Code 
2010 
The shear design provisions in fib Model Code 2010 are developed from physical-mechanical 
models which are based on a wide range of experimental observations and measurements. 
According to the level of efficiency required and the importance of structural members, the 
design provision in fib Model Code 2010 is divided into four different levels of 
approximation. The low level of approximations is quick but very conservative. More 
efficient designs can be obtained using higher levels of approximations but with greater 
calculation effort. In this literature, higher levels of approximation (i.e. Level II model was 
used for beams without shear reinforcement, Level III model was used for beams with shear 
reinforcement) are introduced which are adopted in this research. The shear resistance is 
determined from equation (2.37) (fib, 2010).  
, , Rd Rd c Rd sV V V                                                                              (2.37)  
where 
, Rd cV  is the resistance attributed to concrete and , Rd sV  is the resistance attributed to 
stirrups. 
For reinforced concrete beams without shear reinforcement (Level II), fib Model Code 2010 
defines 
, 0Rd sV   and , Rd cV  is given by equation (2.38). 
Shear Enhancement in Reinforced Concrete Beams                                                    Chapter 2 Literature Review                                                                 
 
57 
 
,
ck
Rd c v
c
f
V k bz

                                                                                                        (2.38) 
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                                                                            (2.39) 
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k
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
                                                                            (2.40) 
where 
c  is a partial safety factor for concrete material properties which has a recommended 
value of 1.5. b is the effective width of concrete beams and z is the lever arm for shear which 
is taken as 0.9d . x  is the longitudinal strain at the mid-depth of the effective shear depth. 
The expression of 
x  is shown in equation (2.41). 
1
2 2
x
s sl
M V
cot
E A z
 
 
  
 
                                                                  (2.41) 
where M  is the resisted moment, sE is the elastic modulus of longitudinal reinforcement and 
slA  is the area of longitudinal reinforcement. To simplify the iteration of this equation, 
cot
2
V
 can be approximated as V . However, for the preliminary design of reinforced 
concrete beams, vk  can be simplified as taking dgk  to be 1.25 and x  to be 0.00125. Hence, 
equation (2.39) is expressed as 
180
1000 1.25
vk
z


                                                                                        (2.42) 
For reinforced concrete beams with shear reinforcement (Level III), the shear resistance of 
members is taken as the sum of the contributions of the concrete and shear reinforcement as 
shown in equation (2.37), in which  
,Rd cV  is calculated with equation (2.38) and , Rd sV  is 
obtained with equation (2.43). 
,
sw
Rd s ywd
A
V zf cot
s
                                                                           (2.43) 
where s  is the stirrup spacing, 
ywdf  is the design yield strength of shear reinforcement and   
is the inclination of the compressive stress field, which is formulated in equation (2.44). 
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20 10000 x                                                                              (2.44) 
Then, the value of 
vk  which exists in equation (2.45) is redefined as  
,
0.4
1
1 1500
Ed
v
x Rd max
V
k
V
 
     
                                                              (2.45) 
where 
,Rd maxV donates to the maximum shear strength of web concrete. 
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                                                (2.46) 
To reduce the design effort for beams with shear reinforcement, two levels of approximation 
are presented. Both of these levels neglect the concrete contribution (
, 0Rd cV  ), but   is 
defined differently in each level. For the preliminary design level,   is suggested to be 30° 
for reinforced concrete members. Hence, the shear resistance is calculated directly from 
equation (2.43). In this level of approximation, a conservative prediction is obtained. For a 
more detailed design (higher level of approximation),   is a function of mid-depth strain 
which is expressed in equation (2.44) and 
x  is calculated from equation (2.41). 
Consequently, shear resistance is obtained. This level of approximation provides a more 
accurate prediction than preliminary design level. 
To consider the contribution of arching action, the design shear force loaded within 2d  of 
supports in fib Model Code 2010 is reduced by factor 2va d   for the beam loaded within 
a distance of 2vd a d  , as in EC2. When the length of clear shear span is less than effective 
depth of the beam ( vd a ), EdV  is reduced by factor 0.5  . 
2.4 Other design methods for reinforced shear beams 
Experimental data suggests that the shear strength of simply supported beams is affected by 
the flexural reinforcement ratio, the shear span to depth ratio, the compressive strength of 
concrete and the beam depth. There are many empirical and theoretical methods available for 
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calculating the shear strength of beams reported in the literature. The following three methods, 
which gave good prediction according to the authors‟ database, are subsequently used to 
evaluate the author‟s experiment results. 
2.4.1 Zararis shear strength model for reinforced short beams 
Zararis (2003) proposed a theory to describe shear compression failure in short span beams, 
which is based on a consideration of equilibrium at the critical diagonal shear crack. Figure 
2.9 shows the forces acting, at failure, on a free-body diagram of short beams without and 
with shear reinforcement.  
 
(a) Beams without shear reinforcement 
 
(b) Beams with shear reinforcement 
Figure 2.9: Forces on a free-body diagram of a short beam at failure: (a) without shear 
reinforcement; (b) with shear reinforcement  
In the Zararis model, the crack is assumed to open in a direction perpendicular to its 
orientation and the crack width is assumed to be uniform along the diagonal crack. The only 
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forces acting on the crack face are assumed to be those in the flexural and shear 
reinforcement (Zararis, 1997). In addition, the dowel force from web reinforcement is 
assumed to be negligible since the web reinforcement ratio is usually small compared to the 
main longitudinal rebar ratio (Zararis, 2003). In this model, different failure modes are 
assumed for beams with and without shear reinforcement. For the beams without shear 
reinforcement, failure is assumed to occur as a result of concrete splitting in the compression 
zone above a horizontal crack initiating from the tip of the critical diagonal crack to bending 
area. However, a different failure mode is assumed in beams with shear reinforcement 
(Figure 2.9b) in which no horizontal crack forms at the head of the diagonal shear crack. For 
the beams with shear reinforcement, concrete crushing occurs at the top of the critical crack 
since the moment of the force of stirrups is larger than that provided by load point. Therefore, 
the concrete area below the loading point is the weakest area of the beam.  
Equation (2.47) is proposed for calculating the shear resistance of short span beams with and 
without shear reinforcement. 
2 2
'[ 1-0.5 0.5 1-
/
]s s su c v ywd
c c cbd a
V f f
a d d d d d

     
      
    
                                  (2.47) 
where
sc is the depth of compression zone above critical diagonal crack, 
'
cf  is the nominal 
compressive strength of concrete, 
ywdf  is the yield strength of vertical web reinforcement and
s
v
A
bs
  .  
The coefficient
sc  is found by solving equations (2.48) and (2.49) below (Zararis, 2003). 
 
 
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d dR a d
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                                                                              (2.48) 
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where c  is the depth of compression zone above flexural cracks, l  is the ratio of 
longitudinal reinforcement and
2
1 v
l
a
R
d


 
   
 
. 
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These equations define the depth of the flexural compression zone and the shear force at 
failure. Zararis showed that these equations give good predictions of the shear resistance of 
the short beams in his database.  
2.4.2 Unified Shear Strength Model 
Kyoung-Kyu et al. (2007) proposed a Unified Shear Strength model which is based on 
assumed mechanisms of shear resistance. The model is applicable to reinforced concrete 
beams with and without shear reinforcement. The key feature of this model is that the shear 
resistance of a beam is mainly attributed to the compression zone and the contribution of 
shear reinforcement (if present) with no contribution from aggregate interlock or dowel 
action. 
  
Figure 2.10: The geometry and shear stress in Unified Shear Strength model (Kyoung-Kyu et 
al., 2007) 
The shear resistance in this model is expressed as in equation (2.50). 
Rd cz sV V V                                                                                   (2.50) 
where czV is the shear contribution by compression zone which is the sum of compression 
crushing force ccV and tensile cracking force ctV , sV is the stirrups contribution, see equation 
(2.51) and (2.52). 
cz c ctcV V V                                                                         (2.51) 
( 2 )v cs ywf b d cV                                                                         (2.52) 
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The shear resistance of the compression zone 
czV is calculated using Rankine‟s failure criteria 
for concrete under combined shear and axial loading which is formulated in equation (2.53). 
1 0
' '( ( [ () ) ])cz c s t t xc c cc t ccbc f f bV f f c c                                           (2.53) 
where '
cf is the concrete compressive strength, tf  is the concrete tensile strength. cc is the 
average compressive normal stress developed in the failure surface of compression crushing. 
ct  is the average compressive normal stress developed in the failure surface of tensile 
cracking. 
cc is the depth of failure surface of compression crushing and 1 0( )xc   is the depth 
of compression zone at critical section, see equation (2.54) and (2.55). 
s is the size effect 
factor which can be calculated using the equation (2.56) proposed by Zararis and Papadakis 
(2001).  
1 0 (1 0.43 / ] ( )c xc a d c                                                                                             (2.54)  
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   (2.55) 
1.2- 200( / ) 0.65s a d d                                                                       (2.56) 
where 
0  is the compressive strain which is recommended to be 0.002 in EC2. sE is the 
Young‟s modulus of reinforcement. vh  is the ratio of longitudinal web reinforcement and l
is the ratio of tensile reinforcement. 
1x is a function of a d , which expressed as  
(1– 0.44 )a d . 
In order to reduce the calculation complexity, several assumptions are made in equation 
(2.53). The stress cc is taken as
'0.8 cf , ct is assumed to be 
'0.625 cf  and tf  equals to
'0.292 cf . With these assumptions, equation (2.53) is simplified as follows: 
1 0
' '0.52 [ ( ) ] 0.45cz s x c cc cV f b fc c bc                                                    (2.57) 
Consequently, the shear capacity can be calculated by solving equation (2.51), (2.52), (2.54), 
(2.55), (2.56) and (2.57) 
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2.4.3 Two-Parameter kinematic theory for shear beams 
The Two-Parameter kinematic theory (Mihaylov et al., 2013) is an advanced theoretical 
model for predicting the strength of short-span and deep beams. Crack widths, maximum 
deflections and the complete displacement field for the beam can be evaluated from 
considerations of the equilibrium of internal force flow and stress-strain relationships 
(Mihaylov et al., 2013). The basic assumption of this model is that the motion of the concrete 
block above the critical crack is regarded as a combination of a rotation about the top of the 
critical crack and a vertical translation c . Thus, the “two parameters” defined in this theory 
is vertical translation c and the average strain in the bottom reinforcement 
.t avg  as this 
strain is proportional to the concrete block rotation. 
The shear resistance is assumed to be the sum of the contributions of the compression zone
czV , aggregate interlock agV , transversal reinforcement sV  (if available) and dowel action dV  . 
Rd cz ag d sV V V V V                                                                  (2.58) 
 
Figure 2.11: Details of kinematic model (Mihaylov et al., 2013) 
 
Shear Enhancement in Reinforced Concrete Beams                                                    Chapter 2 Literature Review                                                                 
 
64 
 
In this model, the shear strength of the critical loading zone is expressed as 
2
1 sincz avg b eV kf bl                                                                 (2.59) 
where k is a crack shape coefficient which assumed to be 1.0 for short span and deep beams 
(with / 2.5va d  ). avgf  is the average compressive stress and expressed as 
.8'01.43 cf . 1b el is 
defined as 
1( / ) bV P l , see Figure 2.11.  is the angle of the critical diagonal shear crack which 
is determined from geometry.  
The shear resisted by aggregate interlock is given by: 
'0.18
240.31
( 16)
ag
c
ge
f
bd
w
a
V 


                                                           (2.60) 
where 
gea is the effective aggregate size which equals to aggregate size ga  when concrete 
strength is less than 60 Mpa and equals to zero when concrete strength is over  60 Mpa. The 
shear reinforcement contribution is given by: 
1 0 1( cot 1.5 )v b e ys wb d l l fV                                                          (2.61) 
where 
v is the ratio of vertical stirrups, 1 is defined as the maximum of  and  , (see 
Figure 2.11),   is the angle of the cracks that develop in a uniform stress field which can be 
calculated from the simplified modified compression field theory (Bentz et al., 2006). 
0l  is 
the length of the heavily cracked zone at the bottom of the critical crack (Figure 2.11 Zone B) 
which equals to 11.5( )coth d  . ywf  is the stress in the stirrups  which is obtained  from 
equation (2.62) 
yw s vf E                                                                           (2.62) 
v is the stirrup strain at the centre of the shear span which is given by  
1.667v
c
d
                                                                       (2.63) 
The dowel action contribution is calculated as follows: 
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where 
bn  is the number of stirrups,   is the diameter of stirrups and kl is the elongation of the 
bottom reinforcement which causes by critical crack (Figure 2.11 Zone B), see equation 
(2.65).
yef is the effective yield strength of longitudinal reinforcement (equation (2.66)). 
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where T is the tensile force in bottom reinforcement, 
yf is the yield strength of longitudinal 
bar and 
sA is the area of longitudinal bar. 
The Two-Parameter kinematic theory appears to give good predictions of the shear strength 
of the beams in Mihaylov et al.‟s (2013) database. The method is evaluated in Chapter 6 
where it is used to estimate the strengths of the beams tested by the author.  
2.5 Shear enhancement in reinforced shear beams 
As discussed before, shear resistance is increased by arching action when loads are applied to 
the top surface of beams within around 2d  of supports. For practical reasons, investigations 
into shear enhancement, which is commonly attributed to arching action, close to supports are 
often carried out on short span and deep beams. However, in practice shear enhancement 
occurs whenever loads are applied to the top surface of beams within 2d  of supports. A large 
number of investigations have been conducted into the shear enhancement for reinforced 
concrete beams over many decades. It is found that the slenderness ratio /va d  has a strong 
influence on the shear capacity of such a beam. Researchers such as Regan (1998) suggest 
that the design shear resistance is enhanced by a multiple that is proportional to / vd a . Regan 
investigated this issue, see Figure 2.12 and concluded that a) a factor of 2.5 / vd a  is suitable 
for simply supported beams with concentrated loads, b) a factor of 3 / vd a  is suitable for 
continuous beams with concentrated loads and c) a factor of 2 / vd a  is suitable for simply 
supported beams with distributed loads. 
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Figure 2.12: Results of tests on simply supported beams without shear reinforcement 
subjected to concentrated loads (Regan, 1998) 
To deal with the shear enhancement of reinforced concrete beams where loads are near to 
supports, EC2 and fib Model Code 2010 reduce the design shear force EdV  by the multiple 
2va d   for beams loaded on the top surface within a distance of 2vd a d  . BS8110 
increases the basic shear resistance provided by the concrete ,Rd cV  by the multiple 2 / vd a . The 
three methods of enhancing shear resistance are equivalent for symmetrically loaded beams 
without shear reinforcement subjected to single load within 2d  of each span. These three 
methods give significantly different design strengths for beams with shear reinforcement as 
well as beams with multiple point loads within 2d  of each support. More detailed 
evaluations on shear enhancement are discussed in Chapter 6. 
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2.6 Modified Compression Field Theory (MCFT) 
In 1986, Vecchio and Collins proposed the Modified Compression Field Theory (MCFT) 
(Vecchio and Collins, 1986). This well known theory is an extension of the Compression 
Field Theory (CFT) for reinforced concrete in torsion and shear (Mitchell and Collins, 1974). 
Unlike the original theory, the MCFT takes account of the tension stiffening effect of the 
concrete between cracks. The model is simple enough to be programmed into a spreadsheet 
for the analysis of membrane panels subject to uniform loading. The MCFT is a rotating 
crack model in which previous cracks are assumed to be inactive. The directions of average 
principal stress in the cracked concrete are assumed to be coincident with the directions of 
average principal strain. Cracks are assumed to form parallel to the principal compressive 
stresses and strains (Collins et al., 2008). The MCFT model involves equilibrium equations, 
strain compatibility and material stress-strain relationships which can be used to predict the 
complete shear deformation response. The mean stresses and strains are considered to act 
over distances large enough to include several cracks. 
2.6.1 Compatibility Conditions 
The theory assumes perfect bond between the reinforcement and concrete. Consequently, the 
mean strains are assumed to be the same in both steel and concrete in the x and y directions, 
see equation (2.67). 
sx cx x
sy cy y
  
  
 

 
                                                                          (2.67) 
    
(a) Average strains in cracked element                   (b) Mohr‟s Circle for average strains 
Figure 2.13: Compatibility conditions for cracked element (Vecchio and Collins, 1986) 
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Figure 2.13 shows the compatibility conditions for cracked element, 
1  is the principal tensile 
strain in concrete. 
2  is the principal compressive strain in concrete. xy is shear strain, x and 
y is strain in x-direction and y-direction respectively. The radius of the Mohr‟s Circle of 
strain shown in Figure 2.13(b) is given by:  
1 2( ) 2R                                                                          (2.68) 
The angle   is obtained from Mohr‟s Circle as follows: 
2
tan
2( )
xy
y


 


                                                                 (2.69) 
2
cot
2( )
xy
x


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

                                                                 (2.70) 
Hence:  
2 2
2
tan x
y
 

 



                                                                      (2.71) 
2.6.2 Equilibrium Conditions 
The MCFT considers equilibrium in terms of both mean stresses and the stresses at cracks. 
The equations of equilibrium are expressed as follows in terms of mean stresses: 
 
1 cotx x sxf f f v                                                                    (2.72) 
1 tany y syf f f v                                                                    (2.73) 
In the above expressions, xf is the applied stress in the x direction and yf is the applied stress 
in the y direction. x is the reinforcement ratio in x direction and y is the reinforcement ratio 
in y direction. sxf is the reinforcement stress in x direction and syf is the reinforcement stress 
in y direction. 1f  is the principal tensile stress in concrete and v  is the applied shear stress. 
The shear stress can be expressed as follows in terms of the principal compressive and tensile 
stresses in the concrete: 
1 2( ) (tan cot )v f f                                     (2.74) 
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(a) Stress field in concrete element                   (b) Mohr‟s Circle for average concrete stresses             
Figure 2.14: Equilibrium Conditions for cracked element (Vecchio and Collins, 1986) 
2.6.3 Stress-strain relationships 
Stress-strain response in concrete 
A key feature of the MCFT is that the compressive strength of the concrete is assumed to 
depend not only on the principal compressive strain
2 , but also on the transverse principal 
tensile strain
1 . Thus, the compressive strength of cracked concrete which is subjected to 
orthogonal tension is less than the uniaxial or cylinder strength. The initial version of the 
MCFT adopted a parabolic relationship for concrete. 
'
2
2 2
2
1 0 0
0
2
0.8 0.34
cff
 
  

    
     
      
                                                 (2.75) 
In the above expression, 
1
0
1
0.8 0.34



is defined as the compression softening coefficient, 
which is symbolized by  . 
A number of analytical models have been developed to describe the compression softening 
effect. Most of these models relate the compression softening to the degree of cracking which 
is expressed in terms of the average principal tensile strain. For example, Miyahara et al. 
(1988) proposed the following model: 
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
 
                                              (2.76) 
This model is intended to be used together with a shear transfer model. The reduction effect 
predicted by the shear transfer model is greater than that obtained by the compression model 
when the level of shear transfer act on the crack plane is appreciable. Hence, it is difficult to 
make a direct comparison with the MCFT compression softening model (Vecchio and Collins, 
1993). Kollegger & Mehlhorn concluded that the effective compressive strength is mainly 
influenced by the principal tensile stress rather than principal tensile strain, and the reduction 
does not exceed 20% of concrete strength (Kollegger and Mehlhorn, 1990). According to 
Vecchio & Collins‟s investigation (Vecchio and Collins, 1993), this model overestimates 
strength based on the assessment of 116 specimens at University of Toronto. Subsequently, 
Mikame et al. (1991) suggested an alternative expression for the compression softening effect 
which is similar to that of the initial MCFT. It is worth noting that they found the softening 
coefficient to depend on the concrete cylinder strength  with the reduction in strength being 
greater for high strength concrete (Mikame et al., 1991). 
In 1982, Vecchio & Collins (1982) proposed a softening parameter   which is a function of 
the ratio of principal tensile strain to principal compressive strain ( 1 2/  ), see equation 
(2.77). 
1
2
1
0.85 0.27





                                                                                 (2.77)  
This equation was derived from 178 data points and gives good predictions for the tested 
specimens (Vecchio and Collins, 1982).  
However, none of the models described above account for the influence of crack slip which 
plays an important role in compression softening. This is addressed in the Disturbed Stress 
Field Model (DSFM) (Vecchio, 2000), which provides a reduced rate of softening. To 
facilitate the use of a softening model for beams in shear, a simplified parameter was 
subsequently developed (Vecchio and Collins, 1986), which is only the function of the 
principal tensile strain 1 , see equation (2.78). 
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1
1
0.8 170




                                                                     (2.78)  
This concrete softening model is used in the current version of the MCFT (Collins et al., 2008) 
and is adopted in the latest CSA code (2004). The principal concrete tensile stress is 
calculated as follows:  
'
1 1
1
1
1
0.33
1 500
c cr
c
cr
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f f
  
 



 

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                                                                       (2.79) 
Stress-strain response in reinforcement 
The stress-strain relationship for reinforcement is assumed to elasto-perfectly plastic 
(equation (2.80), (2.81)), which can be shown in Figure 2.15.  
sx s x yf E f                                                                                                                (2.80) 
sy s y yf E f                                                                             (2.81) 
 
Figure 2.15: Stress-strain relationship for reinforcement 
2.6.4 Shear stress on crack 
As previously discussed, the MCFT expresses its equations of equilibrium and strain 
compatibility in terms of mean values averaged over several cracks. The principal concrete 
tensile stress is zero at cracks and increases to a maximum midway between cracks. 
Conversely, the tensile stress in the reinforcement is greatest at cracks and reduces to a 
minimum midway between cracks. Therefore, it is also necessary to consider equilibrium at 
cracks. As mentioned in Section 2.2, the shear stress can be transferred through cracks by 
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aggregate interlock. The MCFT limits the maximum possible shear resistance provided by 
aggregate interlock at cracks to that given equation (2.82) which is derived from Walraven‟s 
work (Walraven and Reinhardt, 1981). 
max
max
0.18 1.64 0.82 cici ci ci
ci
f
v v f
v
                                                      (2.82) 
where 
'
max
0.31 24 / (a 16)
c
ci
g
f
v
w


 
                                                        (2.83) 
In the expressions above, 
cif  is the required compressive stress on the crack, maxciv is the 
maximum shear stress that can be transferred through a crack. 
ga is the maximum aggregate 
size and w is the crack width. The normal stress cif  is assumed to be zero in the current 
version of the MCFT (Collins et al., 2008). The crack width w to be used in equation (2.83) is 
considered to depend on the crack spacing s and principal tensile strain as follows: 
1w s                                                                               (2.84)  
1
sin cos
x y
s
s s
  


                                                                   (2.85) 
where 
xs and ys are the crack spacing in the longitudinal and transverse reinforcement 
directions. 
2.7 Strut and Tie Modelling 
2.7.1 General Aspects 
Strut and Tie modelling (STM) is a valuable tool for the analysis and design of concrete 
structures, especially for the regions where plane sections do not remain plane after cracking. 
It is based on the lower bound theorem of plasticity according to which a stress field is in 
equilibrium with the applied loads, and not violating the yield criteria at any point, provides a 
lower bound estimate of capacity for elastic-perfectly plastic materials. In other words, the 
resistances everywhere is greater than or equal to the internal forces. STM are developed on 
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the basis of assumed load-carrying mechanisms consisting of struts, ties and nodes. The basic 
principle of this method is that compression is resisted by concrete „struts‟ and tension is 
resisted by steel „ties‟. 
The Strut-and Tie Model is a generalisation of the truss analogy method introduced by Ritter 
(1899) and Morsch (1908), which is used to idealise the force flow in a cracked concrete 
beam. During the past few decades, many experiments have been conducted to refine and 
develop the model (Rüsch, 1964, Kupfer, 1964, Leonhardt, 1965, Thürlimann et al., 1983, 
Marti, 1985). Particularly notable is the treatment of the STM given by Schlaich et al. who 
defined the basis of the method and its applications for discontinuity regions (Schlaich et al., 
1987). The following assumptions are made in STM: a) the reinforcement and concrete are 
adequately anchored, b) the concrete is assumed to carry no tension after cracking, c) the 
shear reinforcement yields before struts crush and d) forces in struts and ties are uniaxial. 
2.7.2 Principles of Strut-and-Tie Modelling 
Schlaich et al. (1987) showed that it is convenient to subdivide structures into B regions 
where Bernoulli‟s hypothesis that plane sections remain plane is applicable and D or 
disturbed regions where Bernoulli‟s hypothesis is not applicable (Figure 2.16). The design of 
B regions is well codified and the entire behaviour can be predicted by simple calculation, 
unlike D regions where this is not the case. Typical examples of D regions include corbels, 
deep beams, pile caps and beam-column connections. The geometrical or statical changes that 
occur in these areas cause non-uniformity in the internal forces of the member. STM can be 
used to determine internal force in D regions which are present in most structures as shown in 
Figure 2.16. 
 
Note: Shadow areas represent D regions and the remain areas represent B regions 
Figure 2.16: B-regions and D-Regions in beams 
It is typically possible to develop an unlimited number of alternative strut and tie models for 
any given problem. Consequently, there is no unique solution and it is necessary to have a 
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strategy for distinguishing between good and bad models. Generally, good models do not 
depart excessively from the elastic stress trajectories, whilst poor models require large 
deformations before ties yield and place excessive demands on the concrete capacity to resist 
plastic deformation. Schlaich et al. (1987) suggested that struts should be aligned with the 
main direction of the principal compressive stresses but ties could usually be aligned 
horizontally and vertically to simplify reinforcement detailing. They also suggested that the 
best STM model is that which requires the least strain energy (Schlaich et al., 1987). This 
minimum strain energy could be obtained by minimizing Q, where Q is given by:  
i i miQ Fl                                                                                                                         (2.86) 
where 
iF  is the force in the i th strut or tie, il  is the length of i th member, and mi  is the 
mean strain in the ith member. Generally, the best model has the shortest length of ties. The 
load paths should not cross each other. Furthermore, the angle between the struts and ties 
should be large enough to avoid strain incompatibilities due to ties extending and struts 
shortening in almost the same direction. 
2.7.3 Constructing and Problems 
The development of Strut-and-Tie models is not straight forward. Hence, a design strategy is 
required for the development of a STM. The procedure is listed as follows: 
1) Define the D-region 
2) Identify the key internal load paths and develop a truss mode 
3) Calculate the member forces and determine the node dimensions 
The process is usually iterative as the truss geometry depends on the dimensions of the nodes 
which in turn depend on the member forces. 
STM is attractive to designers since it is a rational method which clearly satisfies equilibrium 
that can be applied to any planar structure. Despite its popularity and conceptual simplicity, 
problems can arise in the generation of strut and tie models, the estimation of member 
stiffness and the definition of node dimensions. Furthermore, STM needs to be developed on 
a piecemeal basis for the structure and loadcase under consideration. An iterative procedure is 
required for adjusting and refining the truss geometry. Consequently, the method is less 
flexible than finite element analysis. The flow of transmitting load also should be analyzed 
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depending on designer‟s experience which is also somewhere subjective. Consequently, some 
researchers have focused on the development of design methods for specific situations.  
2.7.4 Definition of nodes 
Nodes are defined as regions where struts change direction or struts and ties intersect. Nodes 
in STM are classified as either concentrated or smeared as shown in Figure 2.17(a). 
Concentrated nodes are typically highly stressed and are situated adjacent to the loading and 
supporting areas. Smeared nodes arise in regions where the orientation of struts is diverted. In 
EC2, nodes are classified as CCC (three compressive struts), CCT (two compressive struts 
and one tie) and CTT (one compressive strut and two ties) (BSI, 2004). The dimensions of 
these nodes need to be chosen to ensure that the stresses acting at the node-strut boundaries 
are less than or equal to the design concrete strengths. CCC nodes are defined as hydrostatic 
if the stresses are equal on all nodes to strut interfaces. Otherwise, the nodes are defined as 
non-hydrostatic  (Schlaich et al., 1987). Generally, hydrostatic nodes are not always feasible 
due to geometrical constraints. For this reason, non-hydrostatic nodes are commonly adopted 
in structural design, as shown in Figure 2.17(b). In the case of laboratory tests, the 
dimensions of concentrated nodes are frequently defined in terms of the widths of bearing 
plates and the cover to the centre of the reinforcement bar. In the case of structures like beam-
column joints, the node dimensions are much less well defined.  
 
(a) Smeared node and concentrated node                                  (b) Non-hydrostatic node 
Figure 2.17: (a) Smeared node and concentrated node; (b) Non-hydrostatic node (Brown et al., 
2005) 
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2.7.5 Definition of Strut 
Struts in STM are categorized as prismatic, fan-shaped or bottle-shaped as shown in Figure 
2.18. The axial stress is constant along the length of prismatic struts unlike fan and bottle 
shaped struts.  There is no transverse tension in fan shaped stress fields, which are used in 
limit analysis since the stress trajectories are straight. Conversely, transverse tension develops 
in bottle shaped stress fields, which are derived from elastic analysis, due to the curvature of 
the compressive stress trajectories.   
 
(a) Prism                                  (b) Fan-shaped                                       (c) Bottle 
Figure 2.18: Basic type of Struts in 2D Member (Fu, 2001) 
The strength of struts is influenced by several parameters as described below. The first factor 
is strut shape. The strength of truly prismatic struts is closest to the concrete cylinder strength, 
while the fan and bottle shape struts have lower strengths as the struts spread out from their 
ends causing splitting. The second factor is disturbances due to cracking and reinforcement. 
The propagation of cracks disturbs the continuity of the strut and hence the concrete strength 
within the strut. Transverse tensile reinforcement increases the strut resistance by maintaining 
transverse equilibrium after cracking and controlling cracking. The angle between struts and 
ties also influences the strength of struts. Very low angles between struts and ties results in 
strain incompatibility at nodes (Schlaich and Schafer, 1991). Hence, Collins & Mitchell 
suggested the effective strength of the strut should be related to a) the angle between the strut 
and tie and b) the strain in the tie. Confinement is another major factor as concrete strength is 
enhanced under triaxial compression. There is no general consensus on the influence of size 
effects, which are generally neglected in STM, on the shear resistance of deep beams. This 
issue is further discussed in Chapter 6. 
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STM is codified in various national design codes including EC2 (BSI, 2004), the CSA code 
(CSA, 2004) and fib Model Code 2010 (fib, 2010). These design codes provide a wide range 
of reduction factors for estimating the capacity of concrete struts. For example, EC2 (BSI, 
2004) and the new fib Model Code (fib, 2010) only relate the strut strength to the concrete 
strength and presence or absence of transverse tension. On the other hand, the CSA code 
(CSA, 2004) relates the strut strength to both the strut angle and the strain in the longitudinal 
reinforcement. These three design provision are reviewed in the next section.  
2.7.6 STM code provisions 
STM provisions in EC2 (BSI, 2004) 
Besides its semi-empirical design equations for beams, EC2 also allows D regions in beams 
to be designed with strut-and-tie models, see Figure 2.19. The STM recommendations of EC2 
are as follows: 
    
 (a)  CCC node                                                     (b) CCT node 
Figure 2.19: Node stresses in Strut and tie model: (a) CCC node; (b) CCT node (BSI, 2004) 
 Strength of struts 
The strengths of struts with and without transverse tension are calculated as follows:  
0.6(1 250)csb ck cdf f f            With transverse tension                         (2.87) 
cst cdf f                         Without transverse tension                              (2.88) 
where cdf is the design concrete compressive strength which is give by /ck cf  , where c is 
the partial safety factor for concrete. 
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 Strength of nodes 
The strength of nodes is calculated as follows: 
Compression tension node with tie provided in one direction: 
0.85(1 250)cnb ck cdf f f                                                                    (2.89) 
Compression nodes without ties:            
(1 250)cnt ck cdf f f                                                                      (2.90) 
EC2 also provides design equations for transverse reinforcement in bottle stress fields. The 
compression region is classified as a partial or full discontinuity as shown in Figure 2.20. The 
maximum allowable stress at the ends of the direct strut can be calculated with equations 
(2.91) and (2.92), respectively. 
2
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(a) Partial discontinuity          (b) Full discontinuity 
Figure 2.20: Definitions of compression field with smeared reinforcement (BSI, 2004) 
STM provisions in CSA code (CSA, 2004)   
The Canadian code provides strut-and tie design provisions based on the Modified 
Compression Field Theory. The main characteristic of this model is that the strut strength is 
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related to both the strut inclination and the strain in the longitudinal reinforcement. The 
details are summarised below. 
 Strength of struts 
The stresses in the strut with and without transverse tension crossed are expressed in equation 
(2.93) and (2.94).  
1/ (0.8 170 )csb ckf f                   With transverse tension                                      (2.93) 
0.85cst ckf f                           Without transverse tension                                  (2.94)  
where 
1 is defined as 
2( 0.002)cotL L    , L is the strain in the longitudinal 
reinforcement. 
 Strength of nodes 
The stresses in the node with and without one direction tensile reinforcement crossed are 
expressed in equation (2.95) and (2.96). 
 1/ (0.8 170 )cnb ckf f                 With one direction tensile reinforcement                      (2.95) 
 0.85cnt ckf f                      Without tensile reinforcement                         (2.96) 
where the 
1 is defined as in equation (2.89). 
STM provisions in fib Model Code 2010 (fib, 2010) 
Stress field design with strut-and-tie models is codified in fib Model Code 2010 (fib, 2010). It 
relates the strut strength to the concrete strength but not its inclination or reinforcement strain. 
The Model Code STM provisions are summarised below. 
 Strength of  struts 
The design strengths of struts are as follows: 
1/3
1 0.75(30 / )csb ck cdf f f          With transverse tension normal to compression     (2.97)              
1/3
2 0.55(30 / )csb ck cdf f f          With transverse tension oblique to compression      (2.98) 
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1/31.0(30 / )cst ck cdf f f             Without transverse tension                               (2.99) 
 Strength of nodes 
The design strengths of nodes are as follows: 
1/30.75(30 / )csb ck cdf f f               With one direction tensile reinforcement                    (2.100) 
1/31.0(30 / )cnt ck cdf f f                  Without tensile reinforcement                    (2.101) 
2.8 Conclusions 
Exploring the shear strength of concrete beams has been a popular research topic for many 
decades. Many design methods have been proposed of which empirical strength equations are 
particularly prevalent. Empirically based design equations generally are limited in scope as 
they fail to account for the interaction of the many variables which control shear strength. At 
present, it is clear that factors such as the flexural reinforcement ratio, concrete strength, 
shear reinforcement ratio, shear span to depth ratio and loading arrangement can have a 
significant influence on shear strength of beams. 
In order to better understand the character of shear, shear transfer mechanisms are discussed 
in this chapter. Shear is resisted through the contributions of the compression zone, aggregate 
interlock, shear reinforcement and dowel action. The amount of shear transferred by each 
action depends on the kinematics of and shape of the critical shear cracks. Various empirical 
and theoretical models are available in the literature for each action. The design methods of 
EC2 and BS8110 for beams without shear reinforcement are purely empirical in nature and 
were derived by curve fitting test data. The equations account for the effects of concrete 
strength, size effect, reinforcement ratio, and dowel action. For beams with shear 
reinforcement, BS8110 sums the contributions of the concrete alone and the shear 
reinforcement. However, this is not the case in EC2, which assumes that the shear resistance 
is resisted by shear reinforcement only. fib Model Code 2010 includes four different levels of 
design methods. Level I and II methods assume that the shear resistance is resisted by shear 
reinforcement only whereas Level III and IV methods calculate the shear resistance by 
summing the contributions of the concrete and shear reinforcement to give more efficient 
design results. 
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The Zararis (2003) model is derived from considerations of equilibrium. The shear resistance 
is assumed to be provided by contributions from the compression zone above the critical 
shear crack, the web reinforcement and dowel action. This theory appears to give good 
predictions of shear capacity but is only suitable for beams loaded with single or two point 
loads. The Unified Shear Strength model (Kyoung-Kyu et al., 2007) assumes that shear is 
mainly resisted by the compression zone and shear reinforcement (if available). This method 
is developed from a theoretical analysis of strain and stress in the concrete and reinforcement. 
The shear resistance depends on the tensile strength of the concrete, the depth of the flexural 
compression zone and the strain in the flexural reinforcement. The method neglects the 
influence of dowel action and aggregate interlock which may affect its accuracy. The Two-
Parameter kinematic theory (Mihaylov et al., 2013) can be used to evaluate crack widths, 
maximum deflections and the complete displacement field of deep and short-span beams. The 
vertical translation and average strain in the bottom reinforcement are the “two parameters” 
in this model. This method takes account of each shear transfer action and gives good 
predictions according to its database. 
The MCFT is a rotating crack approach in which the previous cracks are assumed to be 
inactive. One of the most important characteristic of the MCFT is that average strain-stress 
relationships are used without any considerations of the slip between the reinforcement and 
concrete. Therefore, the model does not describe the localised variation in stress along the 
reinforcement adjacent to cracks.  
STM is a powerful tool for the design of short beams and deep beams which has been 
codified into several national design standards. The major difficulty in applying STM lies in 
the generation of suitable STM and the definition of node dimensions. In order to improve the 
reliability of STM, laboratory work is required to examine the realism of some of its key 
assumptions.  
The STM method is applied and assessed in Chapter 6, where it is used to assess the beams 
tested by the author, and Chapter 7. 
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Chapter 3 
Nonlinear Finite Element Methodology 
3.1 Introduction 
This chapter describes the basis of the nonlinear finite element analysis (NLFEA) carried out 
in this research. The NLFEA was carried out with the commercially available finite element 
code DIANA v9.4.3 (TNO-DIANA, 2011) which includes a variety of concrete constitutive 
models. The main objectives of the NLFEA were to compare the measured and predicted 
responses of the tested beams and to support the development of the proposed STM. Chapter 
6 compares the results of the FEA modelling with the experimental results as well as the 
STM predictions. Three main difficulties were encountered in the NLFEA of the tested 
beams. Firstly, DIANA includes a number of concrete models, each of which includes several 
user defined parameters that have to be calibrated. The calibration was found to be time 
consuming and laborious. Secondly, numerical difficulties were encountered due to the brittle 
behaviour of concrete. Thirdly, the numerical accuracy of the model depends on boundary 
conditions, finite element mesh discretisation, loading type and solution procedure, all of 
which require careful consideration.   
This chapter describes and compares the main characteristics of some of the constitutive 
models available in DIANA. Concrete compressive behaviour and tension softening 
behaviour are described first. Subsequently, other crucial aspects in NLFEA are presented, 
including reinforcement modelling, iterative solution algorithms and element considerations. 
It should be noted that the performance of most of constitutive models investigated for 
concrete are case dependent.  
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3.2 Compressive Behaviour 
3.2.1 General aspects 
The compressive strength of concrete is usually determined by testing cubes or cylinders. 
However, the compressive strength of concrete depends upon its multiaxial stress state as 
described below.  
The response of concrete under uniaxial compressive loading can be divided into five stages 
(Chen, 2007). The response is almost linearly elastic up to around 30% of the uniaxial 
concrete strength cf , as shown in Figure 3.1. The material status is nearly unchanged in this 
period. This indicates that the available internal energy is less than the energy required to 
create new microcracks. Increasing the stress to 50% cf  causes several localized cracks to 
form and propagate. This includes bond cracks (cracks between mortar and aggregate) 
extending due to stress concentration. In this period, the internal energy is balanced by the 
required crack release energy. Thus, the crack propagation is stable. For stresses between 50%
cf  and 75% cf , cracks initiate and propagate rapidly in the mortar between the aggregate 
particles. However, the fracture process is stable as the released energy is smaller than that 
required for crushing (Chen, 2007). The uniaxial stress-strain curve becomes progressively 
nonlinear as the stress increased from 0.75 cf to cf . Within this range, Mortar and bond cracks 
propagate significantly. After reaching the peak stress, the uniaxial stress-strain curve has a 
descending branch which corresponds to compression softening. Concrete fractures at this 
stage due to the formation of wide macroscopic cracks. 
 
Figure 3.1: Typical uniaxial stress-strain curve  
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Kupfer and Gerstle (1973) suggest that the compressive strength of concrete can be up to 27% 
greater when subject to biaxial compression than to uniaxial compression (Figure 3.2). If two 
principal directional compressive stresses are equal ( 1 2/ 1   ), the increase in strength due 
to biaxial loading is approximately 16% (Kupfer and Gerstle, 1973). However, biaxial 
tension appears to have no influence on the concrete tensile strength. A nearly linear relation 
is observed between biaxial compression and tension as shown in Figure 3.2. Concrete 
subject to biaxial loading fails mainly by tensile splitting.                                                                                 
 
Figure 3.2: Biaxial test results for concrete (Kupfer and Gerstle, 1973)  
Figure 3.3 shows typical stress-strain curves for concrete subject to different levels of triaxial 
compressive confining pressures. A significant gain in concrete strength and ductility is 
observed with increasing levels of confinement (Richart et al., 1928, Balmer, 1949), which 
causes the failure mode to shift from cleavage to crushing of cement paste (Chen, 2007). The 
concrete strength is approximately 20 times the strength obtained from uniaxial loading at 
very high confining pressures (i.e. 2 3 170MPa    ), see Figure 3.3. Experimental work 
shows that concrete has a fairly consistent failure surface which is a function of the three 
principal stresses, see Figure 3.4 (Chen, 2007). The elastic failure surface represents the onset 
of stable cack propagation and the failure surface represents the concrete capacity under 
multiaxial loading. At smaller hydrostatic compressions, the failure surface is convex and 
noncircular. With increasing hydrostatic compressions, the failure surface becomes circular. 
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Figure 3.3: Triaxial stress-strain relationship for concrete (Balmer, 1949) 
 
Figure 3.4: Triaxial failure surface for concrete (Chen, 2007) 
3.2.2 Compressive behaviour models 
A vast number of compressive behaviour models have been proposed for concrete 
(Thorenfeldt et al., 1987, Feenstra, 1993). Clearly, it is hardly possible or relevant to present 
all these mechanical concrete material models in this chapter. Therefore, this section restricts 
itself to a description of the compressive models which were adopted in this work.  
DIANA gives the user the option of using either plasticity or total strain based constitutive 
models for modelling concrete in compression. The total strain approach is used in the 
present work since Sagaseta (2008) and Eder (2011) found it to give good results when 
modelling shear dominant modes of failure. 
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The total strain models in DIANA calculate compressive stresses in the principal directions 
on the basis of a predefined uniaxial stress-strain curve for concrete. Seven different 
predefined compression behaviours for total strain model are included in DIANA of which 
four are briefly described here. They are linear behaviour, multi-linear behaviour, parabolic 
behaviour and Thorenfeldt behaviour respectively (Figure 3.5). 
                
(a) Linear compressive behaviour                    (b) Multi-linear compressive behaviour 
               
(c) Parabolic compressive behaviour                 (d) Thorenfeldt compressive behaviour 
Figure 3.5: Predefined compression behaviour for total strain model (TNO-DIANA, 2011)  
The linear compressive behaviour model is a considerable simplification of the actual 
compressive behaviour of concrete. This model assumes linear stress-strain relationships in 
both elastic and plastic stages and therefore it is intended for simple idealized simulations. It 
should be noted that the linear compressive model simplifies the softening effect which is an 
important aspect of the behaviour of concrete in compression. Experimental investigations by 
Vecchio et al. (1993) amongst others shows that the softening of concrete in compression is 
related to the degree of transverse cracking and straining present. The concrete softening 
significantly influences the structure strength, ductility and load-deflection response. For this 
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reason, the linear compressive model is not adopted in this work. Multi-linear compressive 
behaviour is fully defined by input values of the compression stress and strain. 
The parabolic compression model in DIANA was originally proposed by Feenstra (1993). 
The area under the softening part of the stress strain curve equals /cG h  where cG  is the 
fracture energy and h is the crack bandwidth of the element. Figure 3.5(c) shows that the 
parabolic compressive stress-strain curve is defined in terms of three characteristic values. 
They are the strain /3c , which corresponds to one-third of the maximum compressive strength; 
the strain c  at the maximum compressive strength; the strain u , which determines the 
compressive softening of an element. The full curve can be expressed as the equations below 
(Equation 3.1) (TNO-DIANA, 2011). 
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The value of cG has been investigated over the last few decades. It has shown that the value 
varies from 10N/mm
2
 to 25N/mm
2
 for normal strength concrete (TNO-DIANA, 2011). 
Feenstra concluded that cG  can be calculated as 50 or 100 times of fG  (Feenstra, 1993), 
where 
fG is the tensile fracture energy (see Section 3.3.3). Ozbolt & Reinhardt suggested that 
cG  could be approximated as 100 fG (Ožbolt and Reinhardt, 2002). However, the exact value 
of this parameter is debatable. According to Pimentel (2004) more accurate results can be 
obtained if the compressive fracture energy is defined as 200 times of tensile fracture energy,. 
On the contrary, Majewski et al (2008) suggested that if cG  is expressed as 100 fG , ductility 
is overestimated and  that  a lower value of 50 fG should be used. Their results (Pimentel, 
2004, Majewski et al., 2008) suggest that the influence of cG on numerical predictions is case 
dependent. In this work, cG  is taken as 100 fG  on the basis of parametric studies presented in 
Chapter 6. 
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Another important compression model is the Thorenfeldt model (1987), see Figure 3.5(d). 
The main difference between the parabolic model and Thorenfeldt models is in the post-peak 
stage. The Thorenfeldt model is formulated as follows: 
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In this research, both Parabolic and Thorenfeldt models were used for the analysis of the 
author‟s beams which are described in Chapter 4 and 5. Figure 3.6 shows the results of a 
study which was carried out to investigate the sensitivity of the NLFEA response to the 
choice of concrete compressive model. Very similar results were obtained with each model 
but the parabolic model was found to give better comparisons with experimental data at later 
loading stages, for both 2D and 3D analyses, as shown in Figure 3.6 which is typical.  
 
Figure 3.6: Comparison between the influence of Parabolic and Thorenfeldt compressive 
models 
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3.2.3 Compressive behaviour with lateral confinement 
 
Figure 3.7: Stress-strain relationship of plain concrete and confined concrete (Binici, 2005) 
In this research, the tested beams were analyzed using both 2D and 3D models. Plane stress 
elements were adopted in the 2D modelling. Consequently, elements around loading plates 
are subjected to biaxial stresses, which results in enhanced concrete strength in this area. In 
reality, the concrete adjacent to the bearing plates is confined in three dimensions. 
Consequently, the increase in strength due to lateral confinement can be much greater than 
observed for biaxial loading as illustrated in Figure 3.7. Premature failure of concrete 
adjacent to bearing plates can adversely affect strength predictions of structures like short 
span beams unless special measures are taken to account for the effect of confinement. In the 
current research, the four-parameter Hsieh-Ting-Chen failure model is adopted to simulate 
the effect of lateral confinement in 3D modelling. A more detailed description of this model 
is explained in DIANA manual 9.4.3.  
 
Figure 3.8: Influence of lateral confinement on compressive stress–strain curve (TNO-
DIANA, 2011) 
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Figure 3.8 shows the influence of lateral confinement on concrete performance. It should be 
noted that the failure surface cannot be reached under a full triaxial stress. Consequently, a 
linear stress strain relation is obtained. Both ductility and maximum stress increase 
significantly with lateral confinement. Consequently, concrete strength adjacent to the 
loading and bearing plates requires special consideration. More details are given in section 
3.8. 
3.2.4 Compressive behaviour with lateral cracking 
Prior to 1972, the stress-strain curve for concrete in compression was assumed to be the same 
as that obtained from uniaxial compression test on concrete cylinder. However as mentioned 
before, the compressive strength is reduced under compression-tension biaxial loading. 
Hence, the original plasticity truss model overestimates the shear strength of specimens if the 
concrete compressive strength is taken as the uniaxial strength. This concrete compression 
softening also results from lateral cracking. As discussed in Section 2.6.3, different 
compression softening factors were introduced by researchers, such as Miyahara et al. (1988), 
Kollegger and Mehlhorn (1990), Mikame et al. (1991) etc. In the current research, the 
predefined function VC1993 is adopted to simulate this softening behaviour (Vecchio and 
Collins, 1993). This model takes the softening multiplier (
cr
 ) as: 
1
1
1cr cK
  

                                                                                                                     (3.4) 
0
0.27 0.37latcK


 
   
 
                                                                                                       (3.5) 
where lat  is the average lateral damage variable which can be formulated as
2 2
,1 ,2l l  . ,1l  
and ,2l  are internal variables which govern the tensile damage in the lateral directions. 0  is 
the tensile strain of cracked concrete. The softening curve is plotted in Figure 3.9. 
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Figure 3.9: Reduction factor due to lateral cracking (TNO-DIANA, 2011) 
3.3 Tension softening in NLFEA 
3.3.1 General aspects 
It is well known that concrete is a strain softening material, in both compression or tension 
(Reinhardt, 1984, HILLERBORG, 1980). A softening zone is formed adjacent to crack tips, 
where the deformation and tension softening characteristics highly influence the stress 
distribution. Several tension softening relations are available in DIANA of which four typical 
models of them are investigated in the current research. They are a) brittle cracking, b) linear 
softening relation, c) multilinear softening relation and d) non-linear softening relation 
(Hordijk). 
3.3.2 Tension softening models 
The main characteristics of each tension softening models are summarized in Table 3.1. 
Brittle behaviour is a feature of concrete materials, which is characterized by a complete loss 
of strength once the failure criterion is infringed. Several approaches have been proposed for 
assessing the brittleness of concrete. A simple approach is to use the ratio of the tensile 
strength to the compressive strength: the lower the ratio, the more brittle. In the elastic stage, 
there is only elastic strain. In the brittle cracking model, after the normal stress reaches its 
maximum, it suddenly drops to zero. The ultimate strain is a constant value equal to /t cf E
(Bazant and Cedolin, 1979). Consequently, mesh refinement does not affect the ultimate 
strain at which the tensile stress reduces to zero. 
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Table 3.1: Summary of four typical tension softening models 
Note: 
I
fG is Mode-I fracture energy; ,
cr
nn ult  is ultimate strain, which can be expressed as
1
I
f
t
G
f h
. 
In the linear tension softening model, the normal stress reduces linearly to zero subsequent to 
cracking as shown in Table 3.1. The ultimate crack strain and reduced tensile strength are 
given by equations (3.6) and (3.7) respectively.  
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2
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G E
f
h
                                                                                                             (3.7) 
The piecewise linear multilinear tension softening model is completely defined by the user 
giving a large degree of flexibility. Many nonlinear tension softening models have been 
proposed such as the Reinhardt model (1982), the Hordijk model (1986) and the exponential 
softening model (Gopalaratnam and Shah, 1985). The Hordijk model is adopted in the 
present research due to its popularity and good performance in the simulation of short-span 
beams. It has been widely used for modelling concrete tensile softening over the last two 
decades. With the equations of this model (see Table 3.1), the parameters 1c , 2c  and α are 
assumed to be 3, 6.93 and 0.195 respectively. Hence, the ultimate strain and tensile strength 
in this model is given by equations (3.8) and (3.9). 
. 5.136
I
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nn ult
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f h
                                                                                                      (3.8) 
2 f
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f
h
                                                                                                               (3.9) 
3.3.3 Fracture energy of concrete (Gf) 
Two crucial parameters in the modelling of concrete fracture are the tensile fracture energy 
(
fG ) and the crack bandwith ( h ). Karihaloo noted that specific fracture energy of concrete is 
a useful material parameter in the finite element analysis of cracked concrete structures 
(Karihaloo, 1995). Several researchers developed different methods to determine the value of 
fracture energy. Most researchers agree that the tensile fracture energy of concrete is highly 
dependent on the specimen size, (e.g. Petersson (1981), Hillerborg (1985), Carpinteri (1986)). 
Karihaloo (1995) proposed a simple size-independent method for obtaining the fracture 
energy which involves three point bending and wedge splitting tests.  
Theoretically, the tensile fracture energy is the amount of energy required to create one unit 
area of crack surface, see equation (3.10). 
( )
b
cr cr cr
f nn nn nn
a
G h d                                                                                               (3.10) 
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where cr
nn  refers to the post-peak stress and 
cr
nn  refers to the crack strain. The limits
0crnna   , and 
cr
nnb    . The ultimate tensile strain can be expressed in equation (3.11) 
when the tensile stress reaches to zero. 
fcr
nn
t
G
hf


                                                                                                                 (3.11) 
and the coefficient α is defined in Equation (3.12).  
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where  y x  is the assumed tension softening function (Eder et al., 2010). In current research, 
fG  is estimated from the equation from fib Model Code 1990 as shown in Equation (3.13). 
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4 0.95
0 0.0204 6.625 10f maxG D
                                                                                 (3.14) 
where maxD  is the maximum aggregate size, cmf is the mean concrete compressive strength 
which equal to ( 8ckf  ), and 0 10 cmf Mpa .  
3.3.4 Crack bandwidth 
As discussed above, the crack bandwidth ( h ) is an important parameter in the definition of 
concrete tensile softening. The crack bandwidth concept was initially proposed by Cedolin 
and Bažant (1980). In finite element modelling, the crack bandwith depends on the 
integration scheme and element size. In DIANA, the magnitude of crack bandwidth is 
expressed as 2h A for linear two-dimensional elements, where A  is the total area of the 
element. For higher order two-dimensional elements h  is defined as A . For solid elements, 
the crack bandwidth is three times square of the volume of the element ( 3h V ).  
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3.4 Crack modelling in NLFEA 
3.4.1 General aspects 
Discrete and smeared crack approaches can be used to simulate cracking in NLFEA. The 
discrete crack approach provides a more realistic representation of cracking but it is complex 
to implement in the finite element method because the mesh becomes discontinuous after 
cracking due to node separation. Unless advanced procedures are used, the crack must follow 
the element edge which is unrealistic. In the smeared crack approach, cracked concrete is 
treated as a continuum, which can lead to “stress locking” effect near the crack.  
3.4.2 Discrete crack Models 
In the early days of FEA, concrete cracks were modelled by means of separation between 
element edges (Ngo and Scordelis, 1967) (Figure 3.10). This approach has four drawbacks. 
Firstly, the finite element mesh in a discrete crack model needs to be modified after each 
crack increment. Secondly, the adaptive remeshing is numerically difficult to handle due to 
nodal separation. Thirdly, the crack is constrained to follow the path along the element edges, 
which introduces a certain mesh bias (Borst et al., 2004). Fourthly, the exact location of the 
crack needs to be known in advance. For these defects, the discrete crack model generally is 
used to simulate the special problems for fracture mechanics in very localised areas. 
 
Figure 3.10: Discrete crack propagation and node separation 
Discrete cracking can be modelled in DIANA using interface elements which formulate the 
tractions as functions of the total displacement, the crack width   and the crack slip s
(TNO-DIANA, 2011) (Figure 3.11). 
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Figure 3.11: Discrete cracking and Rough crack (TNO-DIANA, 2011) 
The relations between normal stress  and crack width  , shear stress  and crack sliding 
s are assumed to be nonlinear. The tangential stiffness coefficients are given by the partial 
derivatives below: 
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                                                                     (3.15) 
The shear and normal stress are uncoupled, hence 0ijD  ( i j ) as shown in equation (3.15). 
Initially, the crack is only governed by tension criteria. The tension softening effect is applied 
for concrete once the tensile stress reaches the maximum tensile strength (Figure 3.11). In 
reality, the shear stiffness ( 22D ) reduces due to crack widening or the interaction between 
normal stress and shear stress, but this is not the case here. According to Feenstra‟s 
investigation (Feenstra et al., 1991), the shear stiffness ( 22D ) can be assumed to be zero if the 
discrete crack elements are aligned with the principal tensile stresses. However, this 
assumption is questionable especially near failure, where for example the direction of the 
principal compressive stress field in beams rotates following yielding of the stirrups. 22D can 
be estimated using crack dilatancy models of the type discussed in section 2.2.2. 
3.4.3 Smeared cracking models 
The smeared crack model is most commonly used in the NLFEA of reinforced concrete 
members. The approach was first proposed by Rashid (1968). It starts with a description of 
the stress-strain laws. It is sufficient to adopt an orthotropic stress-strain relationship upon 
crack formation instead of an initial isotropic concept, with the axes of orthotropy being 
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determined by a condition of crack initiation (Rots, 1988). The smeared cracking concept is 
the counterpart of the discrete crack approach, as the cracked material is assumed to remain a 
continuum. The approach is attractive not only because the mesh topology is retained during 
the cracking process, but also because the orientation of the crack plane is unrestricted.  
The smeared cracking approach is commonly developed on the basis of either a strain-
decomposition manner or total strain concept. In the strain-decomposition method, the total 
strain is divided into two components, which are the strain of the concrete between cracks 
and the strain at the crack itself. This allows different types of models to be combined, such 
as elastic model, visco-elastic or plastic model. This is not the case for total strain 
formulations where stresses are calculated in terms of total strains.  
Cracks can be modelled as fixed or rotating in smeared crack models.  In the fixed crack 
concept, the crack plane keeps the direction of crack initiation, while in the rotating crack 
concept, the crack plane always remains perpendicular to the major principal stress direction 
and changes direction during the analysis. In hybrid crack approaches such as the multi-
directional fixed crack model (Rots and Blaauwendraad, 1989) the crack plane rotates when 
the major principal stress direction exceeds a user-specified threshold angle. In this section, 
the fully fixed crack model and totally rotating crack models are described as these are 
adopted in the analysis of the author‟s test specimens in Chapter 6. 
Fixed crack model 
The key merit of a fixed crack model is that the normal and shear actions are considered 
separately and the previous cracks are considered in the analysis (Maekawa et al., 2003). 
Traditionally, the stress strain relationship for smeared cracking is set up with reference to 
fixed principal orthotropic n, s and t-axes, where n refers to the direction normal to the crack 
and s, t refer to the directions tangential to the crack (Rots, 1988). 
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In the earliest version of the fixed crack model, nnE , nsE , ntE , nsG  and ntG  were assumed to 
be zero ((Rashid, 1968, Cervenka, 1970, Valliappan and Doolan, 1972). Moreover, the crack 
normal stress nn  and crack shear stress ns , tn  were assumed to be zero. In the fixed crack 
model of DIANA, the shear stiffness after cracking is reduced by a shear retention factor (  ). 
It normally lies between 0.1 and 0.2 as proposed by Suidan and Schnobrich (1973) and 
adopted by researchers, such as Pimentel (2004) and Sagaseta (2008). However, considerable 
experimental evidence indicates that shear stiffness is not constant after cracking but reduces 
with increasing crack width. Various researchers have developed more realistic models for 
variable shear retention factors, such as Figueiras (1983), Rots and Blaaunwendraad (1989) 
and Cervenka et al. (2002). 
 
Figure 3.12: Shear retention factors according to different models (Sagaseta, 2008) 
Figure 3.12 shows various models in which the shear retention factor is assumed to reduce 
with increasing the crack normal strain ( nn ). The ultimate strain ,nn ult  at which   reduces to 
zero is related to tension softening, facture energy and crack bandwidth (Figueiras, 1983, 
Rots and Blaauwendraad, 1989, Cervenka et al., 2002). These models provide a more realistic 
representation of shear transfer through cracks. However, two main disadvantages are 
highlighted. Firstly, these models assume that the shear stiffness of the aggregate interlock 
across macro-cracks is zero, which is inconsistent with experimental evidence (Sagaseta, 
2008). Secondly, shear retention factors obtained from these models are above 0.5 when 
crack strains are low (Figure 3.12), which can result in extremely stiff responses due to the 
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overestimation of principal stress rotation after cracking (Rots and Blaauwendraad, 1989). 
Parametric studies are presented to illustrate the effect of varying the shear retention factor 
from 0.05 to 0.5. Typical results are presented in Figure 3.13 for Beam B1-25 from the first 
series of beams tested by the author (see Chapter 4 and 5). The beam was analysed in 2D and 
3D as described in Chapter 6. 
 
 
Figure 3.13: (a) shear retention factor assessment of Beam B1-25 in 2D; (b) shear retention 
factor assessment of Beam B1-25 in 3D.  
Figure 3.13 shows that increasing the shear retention factor increases shear resistance as well 
as stiffness. These observations are consistent with those obtained from other researchers, 
such as Eder (2010). Figure 3.13 shows that different shear retention factors are required to 
give comparable results in the 2D and 3D models. For example, the optimum choice of shear 
retention factor is 0.25 for the 2D simulation but 0.07 for the 3D simulation.  
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Rotating crack model 
The rotating crack model evaluates the stress-strain relationships in the principal directions of 
the strain vector as proposed by Cope et al. (1980). The key assumption of the rotating crack 
model is that the orientation of the principal stresses and strains are assumed to be coincident. 
Furthermore, cracks are assumed to be oriented parallel to the principal compressive stresses. 
Consequently, the shear retention factor   is not required here, unlike the fixed crack model.  
The Modified Compression Field Theory (MCFT), (see Section 2.7) is a good example of a 
rotating crack model. Investigations suggest that the co-axiality assumption of rotating crack 
models, is generally reasonable apart from cases where shear slip and shear transfer along 
cracks is predominant (Vecchio, 2000, Maekawa et al., 2003).  
Discussion 
DIANA gives the user the option of adopting either a fixed or rotating crack in its total strain 
models. In the fixed crack model, the crack direction is kept constant until failure, while the 
crack direction is updated continuously in the rotating crack model. Between these two 
smeared cracking models, a hybrid fixed-rotating crack model „multi-directional fixed crack 
model‟ was proposed (Litton, 1974), in which the crack grows in a stepwise manner 
following a threshold angle. The multi-directional fixed crack model assumes that an initial 
crack forms perpendicular to the principal tensile stress once the maximum tensile stress 
criterion is first violated. This crack propagates in a fixed direction with stresses allowed to 
rotate along the crack until the tensile stress criterion is violated again when a new crack may 
form in a different direction.  
An important aspect of rotating crack models like the MCFT is that Poisson‟s ratio must be 
taken as zero after cracking. This assumption is not required in multi-directional fixed crack 
models because the elastic strains in the concrete are independent of the crack strains. The 
elastic strains in the concrete decrease significantly after cracking. This reduction of elastic 
strain can only be simulated in strain decomposition methods, but not in total strain models 
where transverse strains are overestimated if a Poisson‟s ratio other than zero is used.  
Vecchio & Collins (1986) and Sagaseta (2008) have shown that these unrealistic transverse 
deformations cause anomalistic stress-strain relation in FE analysis. Vecchio, circumvented 
this problem by only reducing the Poisson‟s ratio to zero after cracking (Vecchio, 1990), 
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which gives reasonable results for many structures. However, this way of dealing with the 
Poisson‟s ratio can be unsuitable for structures with significant confinement (Pimentel, 2004).  
3.5 Reinforcement modelling  
3.5.1 General aspects 
Reinforcement is typically modelled in DIANA using „embedded elements‟ which simulate 
reinforcement bars by adding stiffness to elements in which they are embedded. These 
concrete elements are named mother elements. Strains in the reinforcement are obtained from 
the displacement field of mother elements. Embedded elements also provide no extra degrees 
of freedom to the model. Another approach to the simulation of reinforcements is „truss 
elements‟. This element requires a finer mesh in order to have perfect connectivity between 
truss elements and interface elements. The main advantage of using truss elements is that 
bond-slip relationships can be introduced. However, this option requires the adoption of 
interface elements which increases the running time and causes numerical instabilities. 
Perfect bond is assumed between reinforcement and the surrounding material in the present 
work and embedded elements are also adopted to simulate reinforcements. In DIANA, two 
types of embedded reinforcement are introduced. They are continuous grid and bar 
respectively, which are briefly described in the following section. 
3.5.2 Embedded grid reinforcement 
Grid reinforcement is generally used for large area structures in which the reinforcement is 
distributed evenly in one or two directions, such as two way slabs. The total area of the grid is 
divided in several particles (Figure 3.14). Each particle contributes to the stiffness of the 
element that embeds it. 
 
Figure 3.14: Reinforcement grid (TNO-DIANA, 2011) 
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Generally, the grid particles cover the surface of the embedding structural element which 
reduces the running time. New vision of DIANA also considers the particle do not fully cover 
the surface of an element. This consideration increases the accuracy of the results. Embedded 
grid elements are not used to model reinforcement in the current research where embedded 
bars are used.  
3.5.3 Embedded bar reinforcement 
Reinforcement can also be simulated in DIANA with bars which can be embedded in various 
families of elements, such as plane stress elements, beam elements, curved shell elements or 
solid elements. This work uses plane stress and solid elements (Figure 3.15). In this type of 
embedded reinforcement, the total length of the bar is divided to several particles as shown in 
Figure 3.16. Each particle is restricted to be inside a structural element. The location points 
define the position of bars at either the intersection of the bar with the element boundaries or 
any in-between points required to define the curvature of the bar. Each particle is integrated 
by DIANA automatically. 
      
(a) Bar particle in plane stress element   (b) Bar particle in solid element. 
Figure 3.15: Bar particle in plane stress and solid element (TNO-DIANA, 2011) 
 
Figure 3.16: Reinforcement bar (TNO-DIANA, 2011) 
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Figure 3.17: Strain at middle of longitudinal reinforcement for Beam A-2   
Figure 3.17 shows the compares the measured and predicted strains in a longitudinal 
reinforcement bar of author‟s beam A-2 (see Chapter 4 and 5) for both 2D and 3D 
simulations. The modelling results are highly consistent with those obtained from 
experiments, particularly for the reinforcement modelled in 2D. It should be noted that the 
experimental results were obtained from Demec readings which are consequently average 
strains over a gauge length of 150 mm. More detailed discussions about reinforcement 
modelling are presented in Chapter 6.   
3.6 Iterative solution algorithms 
In non-linear finite element analysis, the performance of an iterative procedure is measured 
according to its ability to achieve convergence for any iteration. The Newton-Raphson 
method is adopted in this work. It is a powerful technique for solving numerical equations. 
The basic principle of Newton-Raphson algorithm is the linearization of the stiffness within 
every iteration. Like most other iterative solution algorithms, the most important aspect of 
this method is to determine the total increment of displacement u , see equation (3.19).  
1u i iK g
                                                                             (3.19) 
where iK  is the stiffness matrix, which represents a linearized form of the relation between 
the force vector and displacement vector. ig is the out of balance force vector at the start of 
iteration i . 
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In the Newton-Raphson method, the stiffness relation is evaluated at every iteration (Figure 
3.18). In another words, the prediction at each stage is based on the last computational results. 
This method presents a characteristic of quadratic convergence. 
 
Note: fext donates to external applied force, fint donates to internal force 
Figure 3.18: Regular Newton-Raphson iteration (TNO-DIANA, 2011) 
Two disadvantages of the method are worth noting. Firstly, the stiffness matrix ( iK ) has to be 
set up every iteration, this matrix is decomposed at every iteration which is time consuming. 
Secondly, this method fails easily if the initial prediction is far from the final solution. 
Quadratic convergence is only obtained if the correct stiffness matrix is used. Consequently, 
a convergence criterion is introduced. Displacement, force and energy based convergence 
norms are available in DIANA. The energy based criterion is adopted in this research as it 
gives sufficiently accurate results. The basis of the method is illustrated in Figure 3.19. 
 
Figure 3.19: Energy based convergence norm (TNO-DIANA, 2011) 
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In this present work, iteration is stopped when the energy norm ratio is assumed to be less 
than 1%, as used by Sagaseta (Sagaseta, 2008). According to the investigation by 
Khwaounjoo et al. (Khwaounjoo et al., 2000), this value gives accurate results for the shear 
failure in beams. To check convergence, an additional iteration is required to detect 
convergence. 
In order to converge on the calculation and increase the efficiency of the analysis, automatic 
load stepping approach is adopted to optimize the increment size based on a user-specified 
optimum number of iterations. The main advantage of this approach is that this controller 
restarts automatically after divergence occurs in the iterative solver. It means that if the 
iterative procedure fails to converge, the load step is decreased by a specific factor and the 
calculation is restarted.  
3.7 Element consideration 
Generally, a finite element mesh can involve one-, two- and three dimensional elements. 
Each element consists of nodes which are located at both ends in case of a beam element or at 
the corners in case of 2D and 3D elements. Additional intermediate nodes are typically 
located along the boundaries of the element in high order elements.  
To increase the accuracy of the analysis, the type and size of an element is crucial, which 
have a significant influence on the simulation. In this present work, 8 node plane stress 
elements and 20 node solid elements are used to simulate the tested beams in 2D and 3D 
respectively (Figure 3.20). 
                                      
 (a) 8-node plane stress element                         (b) 20-node solid element 
Figure 3.20: (a) 8-node plane stress element; (b) 20-node solid element (TNO-DIANA, 2011) 
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The CQ16M element is an 8-node quadrilateral isoparametric plane element, which is based 
on quadratic Lagrange interpolation and Gauss integration. It is a higher order element which 
is widely used in 2D modelling. The comparison between this 8 node plane stress element 
and a lower order 4 noded quadrilateral plane stress element are assessed in Chapter 6, which 
shows that the 8 node elements give better results. In 3D modelling, 20 node isoparametric 
solid brick element are adopted. It is a rectangular brick element as shown in Figure 3.20(b). 
In this work, the finite element meshes are generated uniformly with a number of divisions of 
10 along the height of the beam. Therefore, the size is approximate 50mm in each side of an 
element either in plane stress element or solid element. This mesh density is similar as 
models developed by other researchers, such as Kotsovos and Pavlovic (1995), Vecchio and 
Shim (2004), Pimentel (2008) and Sagaseta (Sagaseta, 2008). In addition, different mesh 
sizes are assessed in Chapter 6. 
3.8 Modelling of loading plates 
According to previous researches (Sagaseta, 2008, Clark, 1951, Brown and Bayrak, 2007), 
the dimension of loading plates has a significant influence on the shear behaviour of short 
span beams. As Cervenka (Walraven, 2008) noted a crucial aspect in FE modelling is to find 
out how the load was transferred onto the bearing plate. The loading regime is also an 
important aspect. In the current FE modelling analysis, the loading plate was connected to the 
concrete element with perfect nodal connectivity. The depth of the loading plate is the same 
as that of the concrete beams as in the beam tests.  The plates were modelled elastically since 
thick plates were used in the tests as shown in Figure 3.21.    
         
 (a) Loading plate in experimental work       (b) Loading plate in NLFEA 
Figure 3.21: Loading plate consideration: (a) Loading plate in experimental work; (b) 
Loading plate in NLFEA 
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For the normal monotonic loading, two loading regimes are usually used. One is 
displacement control and the other is force control. Both were used in the current work and 
similar results were obtained with each. In order to be consistent with the experimental work, 
force control was finally adopted in this research. In DIANA, two primary force loading 
modes are available, „Force‟ and „Pressure‟. „Pressure‟ loading is adopted here which applies 
loads to nodes. The uniform distributed load is applied as in Figure 3.21(b). Although this 
loading type is consistent with experimental setup, a large stress concentration develops in 
the concrete adjacent to the edges of the loading plates. In reality, the concrete strength and 
ductility is increased here due to lateral confinement as discussed in section 3.2.3. Various 
approaches can be used to model the effect of confinement in 2D. One is adding out-of–plane 
reinforcements to the neighbouring elements; another is increasing the concrete strength 
adjacent to loading plates. According to these considerations, DIANA adopts a lateral 
confinement model proposed by Selby and Vecchio  (1997) to model the strength 
enhancement due to confinement. However, this approach shows little influence on 2D 
models. As stated by Selby and Vecchio (1997), adding out-of-plane reinforcement simulates 
the influence of confinement. However, they reported that numerical instability may occur in 
the FE and the behaviour of beams may change. Hence, the enhancement of concrete strength 
around loading plate is preferred in this research. Figure 3.22 (a) and (b) show the concrete 
stress contour around the loading plate at last loading stage in Beam B1-25. The strength of 
elements inside the dotted line is increased considerably (3 times the original concrete 
strength) in Figure 3.22(a). On the other hand, no enhancement of concrete strength is applied 
to Figure 3.22(b). Figure 3.22(b) also shows that a significant stress concentration occurred at 
the corners of the loading plate where the concrete failed in compression at a stress of 
40.9Mpa. Figure 3.22(c) shows premature failure happened in the original FE analysis and 
more accurate results are obtained by increasing the concrete strength adjacent to loading 
plate. Based on the author‟s investigation, the predicted strength is independent of the 
increased strength if it is increased above a threshold value of '3 cf . 
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 (a) Concrete strength enhanced                            (b) Concrete strength unchanged 
 
(c) Comparison of load-deflection diagram in enhanced concrete strength beams and 
unchanged concrete strength beam (Beam B1-25) 
Figure 3.22: (a) loading plate stress contour with enhanced concrete strength; (b) loading 
plate stress contour with unchanged concrete strength; (c) Comparison of load-deflection 
diagram in enhanced concrete strength beam and unchanged concrete strength beam 
3.9 Conclusions 
The FE method is a powerful approach for the analysis of concrete structures. Several crucial 
concepts are introduced in this chapter. The commonly used discrete and smeared crack 
models are reviewed. The discrete crack model offers a more rational approach for simulating 
shear behaviour but is complex to implement in the finite element method due to the required 
mesh modifications. Smeared crack models provide a simpler approach. Two typical smeared 
crack models are discussed here with emphasis on fixed crack and rotating crack models. The 
main difference between the two is in the orientation of the crack which is kept constant in 
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fixed crack model but updated continuously in rotating crack model. In most cases, rotating 
crack model provide sufficiently accurate results. However, this is not the case for beams 
where slip along cracks is predominant in shear transfer (Vecchio, 2000, Maekawa et al., 
2003). Hence, the fixed crack model is used in this research. With regard to the compressive 
behaviour, several strain-stress relationships are discussed with emphasis placed on the 
Parabolic and Thorenfeldt compressive models. The effects of lateral confinement and 
compressive softening behaviour are also discussed in the context of FE analysis with 
DIANA. Two important parameters a) compressive fracture energy ( cG ) and b) crackband 
width ( h ) are used to describe the compressive strain-stress relations. cG is assumed to be 100 
times the tensile fracture energy (
fG ) calculated in accordance with the recommendations of 
fib Model Code 1990 (fib, 1990). The crack band width h is calculated as h A in 2D 
modelling and 3h V in 3D modelling. The Hordijk curve is used to model tensile softening 
behaviour in this research. To simulate steel reinforcement, „embedded bars‟ are used with 
perfect bond since bond-slip effect plays less important role in shear span beams.  
Several other factors, which can influence the predictions, such as numerical iterative 
solution algorithms, element considerations and loading plate modelling are also discussed in 
this chapter. To overcome the premature failure in some of the FE models due to the high 
stress concentration, the concrete strength around loading plate was enhanced. The Newton-
Raphson solution procedure is used in the current research in conjunction with an automated 
load stepping approach to converge the results more efficiently. 8-node quadrilateral 
isoparametric plane elements are used in 2D modelling and 20-node isoparametric solid brick 
element in 3D modelling. Overall, the methodology presented above is able to give 
satisfactory modelling results as shown in Chapter 6. 
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Chapter 4 
Experimental Methodology 
4.1 Introduction 
The shear failure of simply-supported beams has been widely investigated by numerous 
researchers (Clark, 1951, Smith and Vantsiotis, 1982, Zararis, 1988, Zararis, 1996, Kong and 
Rangan, 1998, Shin et al., 1999, Sagaseta and Vollum, 2010). The effects of concrete strength, 
aggregate type and reinforcement ratio etc. have been extensively studied. Despite this, there 
is no consensus on the mechanism of shear resistance. In the past decades, many different 
theories related to this topic have been proposed. Each of them has its advantages and 
disadvantages, but none of them fully describes the mechanism of shear failure in all cases.  
This chapter describes the experimental methodology adopted by the author in his beam tests. 
Experimental results are presented in Chapter 5. The main objective of the tests was to 
investigate the effect of changes to the shear span, concrete cover, loading arrangement, and 
ratio of shear reinforcement on the shear strength of short-span reinforced concrete beams. 
Two series of short-span beams, with and without shear reinforcement, were tested in the 
Heavy Structures Laboratory at Imperial College London. The first series of beams were 
divided into two sets of three depending on the cover to the flexural reinforcement. These 
tests investigated the influences of loading arrangement and reinforcement cover on the shear 
strength of short-span beams without shear reinforcement. The second series of beams were 
notionally geometrically identical to the first ones, and were divided into three sets of two 
depending on the shear reinforcement ratio. More detailed descriptions of these two series of 
beams are given within this chapter. 
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4.2 Design Aspects 
4.2.1 General aspects 
Many tests have been carried out on beams loaded with one point load within 2d of supports 
but as acknowledged by Brown and Bayrak (2007) there is a scarcity of data for beams with 
multiple point loads. To fill gaps in the existing data, the author tested five simply supported 
beams with two point loads positioned within 2d of each support (four-point loading) for 
which BS8110 and EC2 give significantly different strength predictions. Comparative tests 
were also carried out on seven beams with one point load positioned within 2d of each 
support (single or two-point loading). The beams had the same cross-sectional dimensions as 
those tested previously by Sagaseta and Vollum (2010). The key novelty is the comparative 
testing of nominally identical beams with single, two and four point loading. 
4.2.2 First series of beams 
A total of six beams without shear reinforcement were tested in the first series. The beams 
measured 3000mm long by 500mm deep by 160mm wide. The beams were divided into two 
sets of three which the cover to the flexural reinforcement was either 25 mm or 50 mm. All 
the beams were simply supported and subjected to monotonic loading. The beams are fully 
described in Table 4.1 and Figure 4.1. Three different loading arrangements were considered 
in the first series of tests as shown in Figure 4.1 in which the widths of the bearing plates are 
200 mm and 150 mm at the left and right hand supports respectively. It should be noted that 
the bearing plates were positioned such that the clear shear spans av between the inside edges 
of the support and loading plates (see Figure 4.1) were identical for each span. Consequently, 
the sectional design methods of BS8110 and EC2 predict the same failure load for each shear 
span unlike the STM which predicts failure to occur on the side of the narrowest support. All 
the beams were identical reinforced with one layer of 2H25 longitudinal high tensile 
reinforcement bars ( 1.227%l  ). The numbering system of the beams denotes the loading 
arrangement and cover. Thus in the notation B1-25, B1 denotes the loading arrangement, 
which is defined in Figure 4.1, and -25 indicates a reinforcement cover of 25 mm. 
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Table 4.1: Summary of first series of test beams 
Beam 
Number of 
loading points 
Concrete covers 
[mm] 
Bearing plates 
[mm] Loading plates 
[mm] 
/va d  
left right 
B1-25 1 25 200 150 200 1.51 
B1-50 1 50 200 150 200 1.60 
B2-25 2 25 200 150 100 0.70 
B2-50 2 50 200 150 100 0.74 
B3-25 4 25 200 150 100 1.51† 
B3-50 4 50 200 150 100 1.60† 
Note: †calculated by 
2va  as shown in Figure 4.1(d). 
 
(a) Cross section of first series of test beams 
 
(b) Beam B1-25 and B1-50 
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(c) Beam B2-25 and B2-50 
 
(d) Beam B3-25 and B3-50 
Figure 4.1: Geometry of first series of test beams: (a) Cross section; (b) Beam B1-25 and B1-
50; (c) Beam B2-25 and B2-50; (d) Beam B3-25 and B3-50 
4.2.3 Second series of beams 
The second series of beams were grouped into three pairs which are depicted A, S1 and S2 of 
which pairs S1 and S2 were reinforced with shear reinforcement. Details of the beams are 
summarised in Table 4.2. All the beams had the same longitudinal reinforcement but two 
arrangements of shear reinforcements were used which are depicted S1 and S2 in Figures 
4.2(d), (e) and (f), (g) respectively. The numbering system of the beams denotes the 
reinforcement and loading arrangement. Thus in the notation S1-1, S1 denotes the 
reinforcement arrangement and -1 indicates the loading arrangement. The stirrups in the S1 
and S2 beams were positioned to suit loading arrangement -2 with two point loads. The tests 
were designed to establish the ratio between the shear resistance of beams with one and two 
concentrated loads applied within 2d of the supports. It should be noted that the clear shear 
span va  is greatest by 50 mm on the side of the 100 mm bearing. Thus, the nominal ratios of 
clear shear span to effective depth at each end in these beams were 1.6 and 1.71 respectively. 
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Table 4.2: Summary of second series of test beams 
Beam 
Number of 
loading points 
Shear stirrups 
ratio 
v  [%] 
Bearing plates 
[mm] Loading plates 
[mm] 
/va d  
left right left right 
A-1 4 0 200 100 100 1.6† 1.71† 
A-2 2 0 200 100 100 1.6 1.71 
S1-1 4 0.305 200 100 100 1.6† 1.71† 
S1-2 2 0.305 200 100 100 1.6 1.71 
S2-1 4 0.609 200 100 100 1.6† 1.71† 
S2-2 2 0.609 200 100 100 1.6 1.71 
Note: †calculated by av/d where 
va  is the distance between the edge of innermost loading plate to the 
edge of bearing plate. 
The second series of beams were notionally geometrically identical to the first but the as built 
beam depth and thickness were 505 mm and 165 mm respectively. Details of the beams are 
shown in Figure 4.2. Four longitudinal reinforcements H25 were placed in two layers at the 
bottom of the beams in order to avoid flexural failure ( 2.356%l  ). Unlike the first series, 
four H8 stirrups were provided at the ends of the beams to improve the anchorage of the 
flexural reinforcement. Two H16 rebars were positioned at the top of the beam to anchor the 
stirrups as shown in Figure 4.2(a). The concrete covers to top reinforcement and bottom 
reinforcement were 40mm and 25mm respectively. The clear side cover to the inner of 
stirrups was 25mm. The detailed geometries of these beams are shown below. 
 
(a) Cross section of test beams 
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(b) Beam A-1 
 
(c) Beam A-2 
 
(d) Beam S1-1 
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(e) Beam S1-2 
 
(f) Beam S2-1 
 
(g) Beam S2-2 
Figure 4.2: The geometry properties of tested beams 
4.3 Manufacture and curing 
All six beams of each series were cast from the same batch of ready mix concrete. The beams 
were cast in two sets of moulds each of which contained three beams as shown in Figure 
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4.3(a). The moulds were made from 19mm plywood as shown in Figure 4.3(b). In order to 
prevent concrete from sticking to the plywood, mould oil was rubbed inside of the moulds.  
   
(a) Robinson plate cutting machine                         (b) manufactured moulds 
Figure 4.3: The manufacture of beam moulds: (a) Robinson plate cutting machine; (b) 
Manufactured moulds 
 
(a) Steel cage for beams A 
 
(b) Steel cage for beams S1 
 
(c) Steel cage for beams S2 
Figure 4.4: Steel cages for second series of test beams: (a) Steel cage for beams A; (b) Steel 
cage for beams S1; (c) Steel cage for beams S2 
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The steel cages were assembled according to the experimental design. Thin wires were used 
to fix the connections of longitudinal reinforcement and stirrups. Figure 4.4 shows the steel 
cages for the second series of beams. 
The beams were cast vertically in timber moulds as shown in Figure 4.5(a). A typical 
immersion type internal vibrator was used to compact the concrete and vibrate air out of the 
concrete. For the first batch of concrete beams, twelve cylinders and three cubes were cast to 
determine its compressive and tensile strength. Nine cylinders were cured in water at 20°C 
and the remainder were cured alongside the beams. Eighteen cylinders and twelve cubes were 
cast in the second batch, half of them were cured in water and the rest were cured in air which 
were under the same condition as first batch of casting. All the control cubes and cylinders 
were vibrated on the standard vibrating table as shown in Figure 4.5(b). The specimens were 
covered by polythene sheets until demoulding. The beams were stripped after two days while 
the control specimens were demoulded on the next day. In order to keep adequate moisture 
levels for proper curing, the beams were watered three times per week and covered by wet 
hessian and polythene sheets. 
        
 (a) Beams casting                                             (b) Control specimen vibration  
Figure 4.5: Casting of beams and control specimens: (a) Beams casting; (b) Control specimen 
vibration 
Shear Enhancement in Reinforced Concrete Beams                                     Chapter 4 Experimental Methodology 
 
119 
 
4.4 Instrumentation 
4.4.1 General aspects 
The two series of beams were tested in an internal reaction loading rig and heavily 
instrumented to obtain a detailed idea of the behaviour of the beams at each loading stage. 
Total loads and one reaction were measured with load cells, in order to accurately determine 
the applied load and the shear force in each span.  
To assess the behaviour of these beams, the following types of instrumentation were used: 
a) Demecs  
b) Strain gauges at stirrups and longitudinal reinforcements. 
c) Linear variable displacement transducers (LVDT) 
d) Cross-transducers  
e) Inclinometers  
During the tests, concrete strains were recorded by demec gauges and cross-transducers, 
while the global deformation of beams was measured by standard LVDTs. The strain along 
stirrups and longitudinal reinforcements were measured with strain gauges as well as a demec 
gauge. All data except the demec readings were automatically recorded by a computer.  
4.4.2 Beam set up and testing procedure 
A picture of the experimental set up is depicted in Figure 4.6. Three loading arrangements 
were utilised depending on the required test set up (Figure 4.7). A 2500kN capacity load cell 
was positioned under the hydraulic jack to record the total load. This load cell was applied on 
the loading plate directly for beams with single point loads as shown in Figure 4.7(a). In 
order to apply two-point or four-point loads on beams equally, loads were applied through  a 
rectangular hollow section (RHS) beam, roller plates and solid steel beams as shown in 
Figures 4.7(b) and (c). The dimension of the RHS is 1200×200×300mm with 12.5 mm 
thickness and the solid steel beam is 595×75×125mm. A 1000kN load cell was positioned 
under the right hand bearing plate to appraise any possible asymmetries in the rig. 
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Figure 4.6: Experimental set up 
 
(a) Set up for beams with single point load 
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(b) Set up for beams with two point loads 
 
(c) Set up for beams with four point loads 
Figure 4.7: Beams set up: (a) Beams with single point load; (b) Beams with two point loads; 
(c) Beams with four point loads 
The beams were tested under force control with specified load increments. A set of 
displacement readings was taken around one minute after the end of each loading increment 
to give time for the deflections and cracking to stabilise. The beams were initially loaded to 
Shear Enhancement in Reinforced Concrete Beams                                     Chapter 4 Experimental Methodology 
 
122 
 
around 50-60% of their predicted failure load in an attempt to identify the critical shear crack. 
Then, the beams were unloaded and up to four pairs of orthogonal transducers were 
positioned along potentially critical shear cracks to determine the crack kinematics as the 
beams were reloaded to failure in increments of around 100kN. New cracks were carefully 
examined and marked after each loading increment. Photos were taken as well to record the 
detailed behaviour of the beams. 
4.4.3 Demec measurements 
Demec gauge is an acronym for demountable mechanical gauge with gauge points which is 
used to measure the change in distance between targets attached to the specimen. In this work, 
demec targets were placed as triangles to measure the behavior of the beams which are shown 
in Figure 4.8(a) to (d). The gauge length of the adopted digital demec strain gauge is 150mm 
with the gauge factor of 0.529 x 10
-5
, see Figure 4.9. The measurements were recorded at 
every loading increment. Extra demec points were positoned along the vertical stirrups in 
some specimens, to obtain an indirect measurement of the strains in the stirrups. The readings 
from horizontal demecs along the flexural reinforcement are compared in Chapter 6 with the 
results obained from NLFEA.  
 
(a) Demec position for Beams B1 
 
(b) Demec position for Beams B2 
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(c) Demec position for Beam B3 
 
(d) Demec position for second series of beams  
Figure 4.8: Demec targets positions for test beams: (a) Demec position for Beams B1; (b) 
Demec position for Beams B2; (c) Demec position for Beams B3; (d) Demec position for 
second series of beams 
 
Figure 4.9: Digital demec mechanical strain gauge 
In order to calculate the crack opening and sliding depending on the results obtained from 
demec measurements, a theoretical methodology described by Campana (2013) was used in 
this work, see Figure 4.10. In this method, the concrete bodies at both side of crack were 
assumed to be rigid. The crack displacements  1 ,w x y and  2 ,w x y were determined as 
shown in Figure 4.10(b). Two demec readings obtained experimentally at each concrete body 
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(P1, P2 and P3, P4) were used to determine the crack opening and sliding following equation 
(4.1) to (4.7) (Campana et al., 2013). 
 
(a) Undeformed configuration                         (b) Deformed configuration 
Figure 4.10: Measurements for calculation of crack kinematics: (a) undeformed configuration; 
(b) deformed configuration (Campana et al., 2013) 
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0 0 0 0( 1 , 2 , 3 , 4 )P P P P  and ( 1 , 2 , 3 , 4 )
def def def defP P P P were defined as the demec positions of no 
cracking and after cracking status respectively according to a specific coordinate axis. Once 
 1 ,w x y and  2 ,w x y are obtained, the crack opening and sliding can be calculated with 
equation (4.6). 
cos sin
sin cos
s
w
 

 
   
       
                                                                 (4.6) 
where is relative displacements. 
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                                                                  (4.7) 
Although this method is able to determine the kinematics of each crack, it is only suitable 
when a single crack crosses the four demec targets.  
4.4.4 Strain gauges measurements 
In order to assess the stress and strain distribution along the stirrups and longitudinal 
reinforcement, surface mounted eletrical resistance strain gauges were mounted on the 
flexural reinforcement and stirrups in the right hand shear span of beams A-1, S1-1 and S2-1 
as shown in Figure 4.11. The gauges were positioned in the right hand span since this was 
predicted to be critical in advance of the tests. Type YFLA-5 strain gauges with the gauge 
length of 5 mm were adopted in this work (see Figure 4.12). The gauge factor was 2.1±0.2%  
and the electrical resistance was 119.8±0.5Ω. 
 
(a) Strain gauges for Beam A-1 
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(b) Strain gauges for Beam S1-1 
 
(c) Strain gauges for Beam S2-1 
Figure 4.11: the positions of strain gauges in the beams: (a) Strain gauges for Beam A-1; (b) 
Strain gauges for Beam S1-1; (c) Strain gauges for Beam S2-1 
       
(a) YFLA-5 Strain gauge                                       (b) strain gauges in stirrups 
Figure 4.12: Strain gauges: (a) YFLA-5 Strain gauge; (b) strain gauges in stirrups  
The strain gauges were glued onto the ground surface of the rebar before being covered with 
waterproof materials as shown in Figure 4.13. All the strain gauges along the horizontal 
reinforcements were placed in diammetrically oposite pairs at the bottom and top of the bars 
to take flexure into account. Some of the strain gauges were placed in pairs on the stirrups as 
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well, while some of them were positioned on the side surface of stirrups to minimise the 
effect of flexure. 
 
Figure 4.13: Strain gauges in longitudinal rebar with waterproof material 
The measurements obtained from strain gauges were used to compare the results obtained 
from demec and NLFEA and to detect any potential yielding of the reinforcement steel. 
4.4.5 Linear variable displacement transducers (LVDT) 
 
Figure 4.14: Positions of LVDTs, Inclinometers and Cross-transducers 
The beam displacements were measured with 9 LVTDs positioned as shown in Figure 4.14. 
Transducers #1, #2, #6, #7 were horizontal transducers to measure lateral displacements at 
the top and bottom of each end of the beam. These measurements compliment the rotations 
given by the inclinometers positioned at the ends of the beams. Transducers #4 and #9 were 
placed in the centre of bottom and top of the beam respectively to measure global deflections. 
Out-of-plane deflections were recorded by #8. Transducers #3 and #5 were placed at 700mm 
away from the centre in both spans to monitor the vertical deflections near the bearing plates.  
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4.4.6 Cross-transducers measurements 
To determine the crack opening and sliding, two pairs of cross transducers were positioned in 
the right hand shear span of  the first series of beams. For the second series of beams,  a total 
of 6 pairs cross-transducers were positioned at different heights as shown in Figure 4.14. The 
gauge length of these transducers was 70mm.  
 
Figrue 4.15: Cross-transducers 
The cross readings were taken between two pair of points, which were positioned to either 
side of the crack as shown in Figure 4.15.  This methodology has been used by previous 
researchers, such as Hamadi (1976) and Sagaseta (2008). The crack opening and sliding 
displacements can be obtained as follows from the transducer readings. 
 
Figure 4.16: Obtain crack relative displacement by cross-transducers 
As shown in Figure 4.16, two transducers (1-1’ and 2-2’) were positoned orthogonally with 
gauge lengths of 1l and 2l respectively. al and bl  indicated the initial distance between point 
1and 2, 1and 2’ respectively . Hence, the length of transducers can be expressed as follows: 
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2 2
1 a bl l l                                                                 (4.8) 
2 2
2 a bl l l                                                                 (4.9) 
After a crack formed between the transducers, the length of 1l and 2l  changed, which caused 
points 1’ and 2’ to move to points 1’’ and 2’’. Then, the new length of the two orthogonal 
transducers can be derived in equation (4.10) and (4.11).  
2 2
1 1 ( ) ( )a a b bl l l l l l                                                                                (4.10) 
2 2
2 2 ( ) ( )a a b bl l l l l l                                                                  (4.11) 
To obtain the expressions of al and bl , both side of equation (4.10) and (4.11) were 
squared. And then, equation (4.12) and (4.13) can be simplified as follows: 
1 1 a a b bl l l l l l                                                                                  (4.12) 
2 2 a a b bl l l l l l                                                                                 (4.13) 
In this work, the initial length of the orthogonal transducers were the same, i.e. 1 2l l l  , 
Hence, al and bl can be expressed in terms of the extended length of transducers 1l and 
2l . 
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Consequently, the crack relative displacements (opening and sliding) can be calculated 
according to Figure 4.16.  indicates the orientation of measured crack to horizontal line.  
sin(45 ) cos(45 )a bw l l                                                                  (4.16) 
cos(45 ) sin(45 )a bs l l                                                               (4.17) 
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The crack displacements obtained form this method were used to determine the crack 
kinematics. The results are compared with the crack kinematics obtained from the demec 
points in Chapter 6. The cross transducer readings provide a continuous measure of the crack 
kinematics up to failure unlike the demec readings which have the advantage of giving a 
more detailed description of the overall beam response. 
4.4.7 Inclinometers measurements 
Two Inclinometers were placed at each end of the second series of beams as shown in Figure 
4.14 (#10 and #11) to obtain a direct measure of the magitude and direction of angular 
displacement. The working range of this device was from -60° to +60°. The main objective of 
this measurement was to record the rotation of beams and give a better understanding of 
crack development and failure modes. 
 
Figure 4.17: Inclinometer 
4.5 Conclusions 
The chapter provides a brief overview of the experimental methodology adopted in this 
research. Twelve beams were tested to investigate the influences on the shear resistance of 
short span beams of the flexural and shear reinforcement ratios, concrete cover, bearing plate 
dimensions and loading arrangement. All the beams had the same notional geometry. The 
beams were simply supported and subjected to various loading arrangements (single, two-
point and four-point loading). In the first series of beams, the clear shear spans between 
inside edges of the support and loading plates were identical for each span, while the clear 
shear span in the second series of beams is greatest by 50mm on the side of the 100mm 
bearing. Four H8 stirrups were provided at the ends of beams to improve the anchorage of the 
flexural reinforcement, but this is not a case in the first series beams. All the beams were 
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manufactured in Imperial College Heavy Structures Laboratory and cured with several 
control specimens.    
In order to monitor the behaviour of beams, a range of different instrumentations systems 
were used. LVDTs were used to detect the global deformation of the beams. Crack 
displacements were recorded by demec measurement and cross-transducers. Reinforcement 
strains in this work were measured by eletrical strain gauges and demecs. Rotation of the 
beams were recorded by inclinometers. The results of the tests are presented in the next 
chapter. 
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Chapter 5  
Experimental Results 
5.1 Introduction 
This chapter presents the experimental results of the twelve beams tested in this research. The 
chapter begins with a description of the concrete and reinforcement material properties. This 
is followed by a detailed description of the results of the beam tests, including failure modes, 
crack patterns, relative displacements, reinforcement strains and beam rotations.   
5.2 Material Properties 
5.2.1 Concrete properties 
The beams were cast in two batches of six using ready mix concrete with a maximum 
aggregate size of 10 mm. The coarse aggregate was marine dredged gravel similar to that 
previously used in the beam and push-off specimen tests of Sagaseta and Vollum (Sagaseta 
and Vollum, 2010, Sagaseta and Vollum, 2011).  
Series 1 
Ready mix concrete with a nominal strength of C40/50 was used for the first batch of six 
beams. A total of twelve concrete cylinders and three 100 mm cubes were cast as described in 
Tables 5.1 and 5.2. Three cylinders of each size were cured in air alongside the beams. The 
remaining control specimens were cured in water at around 20

C. The concrete tensile ( tf ) 
strength was determined using the Brazilian or indirect tension test. The indirect tensile 
strength is given by 2 / ( )t Pf LD  (Proveti and Michot, 2006), where P denotes the 
splitting force and L and D  are the cylinder height and diameter, respectively. All the control 
specimens were tested using a load controlled testing machine with a loading rate of 
300MPa/min. All the cube and cylinder specimens were tested after 161 days to obtain stable 
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concrete strength of the beams tested at the same age. The measured concrete strengths are 
tabulated in Table 5.1. 
Table 5.1: (a) Compressive cube strength (100mm x 100mm) 
Cured 
in 
Cast 
date 
Test 
date 
Age 
[days] 
Weight [g] Density 
[kg/m
3
] 
Failure load 
[kN] 
cuf  
[Mpa] 
Avg. 
cuf  
[Mpa] air water 
Water 07-Sep 15-Feb 161 2365 1356 2344 579.7 58.0 
57.4 Water 07-Sep 15-Feb 161 2324 1331 2339 597.8 59.8 
Water 07-Sep 15-Feb 161 2366 1355 2340 545.5 54.6 
(b) Compressive cylinder strength (100mm dia x 250mm Height) 
Cured 
in 
Cast 
date 
Test 
date 
Age 
[days] 
Diameter 
[mm] 
Height 
[mm] 
Failure load 
[kN] 
'
cf  
[Mpa] 
Avg. 
'
cf   
[Mpa] 
Air 07-Sep 15-Feb 161 100 248 305.1 38.8 
40.0 Air 07-Sep 15-Feb 161 100 248 322.3 41.0 
Air 07-Sep 15-Feb 161 100 249 315.3 40.1 
Water 07-Sep 15-Feb 161 100 249 368.2 46.9 
45.7 Water 07-Sep 15-Feb 161 100 250 358.1 45.6 
Water 07-Sep 15-Feb 161 100 248 351.4 44.7 
(c) Tensile strength (150 dia x 230 Height) 
Cured 
in 
Cast 
date 
Test 
date 
Age 
[days] 
Diameter 
[mm] 
Height 
[mm] 
Failure load 
[kN] 
tf  
[Mpa] 
Avg. 
tf  
[Mpa] 
Air 07-Sep 15-Feb 161 151 230 169.2 3.1 
3.1 Air 07-Sep 15-Feb 161 151 228 175.0 3.2 
Air 07-Sep 15-Feb 161 152 229 156.9 2.9 
Water 07-Sep 15-Feb 161 151 231 212.7 3.9 
3.7 
Water 07-Sep 15-Feb 161 152 228 207.5 3.8 
Water 07-Sep 15-Feb 161 152 229 185.0 3.4 
The deviations in the measured concrete strengths are relatively small which indicates 
consistency in both the concrete material properties and workmanship in making the control 
specimens. The mean compressive strength of the air cured cylinders was 40 MPa and that of 
the water cured cylinders was 45.7 MPa. The ratio between the compressive strength of the 
water cured cubes and cylinders strength is 0.795, which is almost the same as the ratio of 0.8 
assumed in EC2. The in situ concrete strengths of the beams are thought to have lain between 
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the air and water cured strengths. The water cured strengths were used in the calculation of 
beam strengths as this gives the greatest and hence least safe predictions. 
Series 2 
Ready mix concrete with a nominal strength of C28/35 was used for these beams compared 
with C40/50 for the first series. The mix proportions are listed in Table 5.2. The consistency 
class was S3.  
Table 5.2: Concrete mix design 
Items Weight [kg/m3] 
CEM I 359 
Water 141 
Sand 840 
4/10 942 
W/C Ratio 0.39 
18 cylinders and 12 cubes were cast to determine the concrete compressive and tensile 
strengths. Half the specimens were cured alongside the beams with the remainder cured in 
water at around 20 
◦
C. The resulting concrete properties are summarised in Table 5.3. 
Table 5.3: (a) Compressive cube strength (100mm x 100mm) 
Cured 
in 
Cast 
date 
Test 
date 
Age 
[days] 
Dia. 
[mm] 
Weight [g] 
Density 
[kg/m
3
] 
Fail. 
load 
cuf  
[Mpa] 
Avg. 
cuf  
[Mpa] 
air water 
Air 20-Sep 25-Oct 35 100 2299 1284 2265 390 39.0 
39.2 Air 20-Sep 25-Oct 35 100 2296 1288 2277 394 39.4 
Air 20-Sep 25-Oct 35 100 2268 1273 2278 394 39.4 
Air 20-Sep 25-Nov 53 101 2242 1243 2244 447 44.2 
41.6 Air 20-Sep 12-Nov 53 100 2235 1242 2251 409 40.9 
Air 20-Sep 12-Nov 53 100 2246 1251 2257 397 39.7 
Water 20-Sep 25-Oct 35 100 2272 1283 2297 380 38.0 
41.0 Water 20-Sep 25-Oct 35 100 2322 1312 2299 426 42.6 
Water 20-Sep 25-Oct 35 100 2303 1296 2287 423 42.3 
Water 20-Sep 12-Nov 53 101 2322 1313 2301 436 43.0 
43.6 Water 20-Sep 12-Nov 53 100 2328 1314 2296 433 43.3 
Water 20-Sep 12-Nov 53 101 2343 1323 2297 453 44.6 
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(b) Compressive cylinder strength (100mm dia x 250mm Height) 
Cured 
in 
Cast 
date 
Test 
date 
Age 
Dia. 
[mm] 
Hei. 
[mm] 
Weight [g] 
Density 
[kg/m
3
] 
Fail. 
load 
'
cf  
[Mpa] 
Avg.
 
[Mpa] 
air water 
Air 20-Sep 25-Oct 35 102 250 4571 2552 2264 256 31.4 
32.1 Air 20-Sep 25-Oct 35 102 252 4585 2554 2258 263 32.2 
Air 20-Sep 25-Oct 35 101 250 4573 2555 2266 264 32.9 
Air 20-Sep 12-Nov 53 101 250 4510 2509 2254 278 34.7 
35.2 Air 20-Sep 12-Nov 53 102 252 4590 2558 2259 287 35.5 
Air 20-Sep 12-Nov 53 102 250 4554 2529 2248 289 35.4 
Water 20-Sep 25-Oct 35 102 251 4670 2631 2291 271 33.4 
33.5 Water 20-Sep 25-Oct 35 102 249 4643 2626 2301 279 34.1 
Water 20-Sep 25-Oct 35 100 248 4660 2624 2289 259 32.9 
Water 20-Sep 12-Nov 53 101 251 4634 2618 2299 302 37.7 
37.7 Water 20-Sep 12-Nov 53 101 249 4640 2610 2285 293 36.6 
Water 20-Sep 12-Nov 53 102 248 4700 2647 2289 318 38.9 
(c) Tensile strength (100 dia x 255 Height) 
Cured 
in 
Cast 
date 
Test 
date 
Age 
Dia. 
[mm] 
Hei. 
[mm] 
Weight [g] Density 
[kg/m
3
] 
Fail. 
load 
tf  
[Mpa] 
Avg.
tf  
[Mpa] air water 
Air 20-Sep 25-Oct 35 102 253 4575 2549 2258 109 2.7 
2.9 Air 20 Sep 25-Oct 35 101 252 4586 2557 2260 121 3.0 
Air 20 Sep 25-Oct 35 102 252 4599 2564 2260 119 3.0 
Water 20 Sep 25-Oct 35 101 255 4703 2647 2288 137 3.4 
3.2 Water 20 Sep 25-Oct 35 102 255 4648 2631 2304 134 3.3 
Water 20 Sep 25-Oct 35 102 255 4688 2643 2292 124 3.0 
The testing ages of 35 and 53 days correspond to the age as at testing the first and last of the 
six beams of series 2. Table 5.3 shows that concrete compressive strength increased slightly 
between the ages of 35 and 53 days. Due to the slightly increase in concrete strength after 28 
days, the concrete strength enhancement is assumed to be linear between 35 and 53 days in 
this work. The idealised development of concrete strength was shown in Figure 5.1. Linear 
interpolation was used to obtain the concrete strengths at the time of testing each beam shown 
in Table 5.4.   
'
cf
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Figure 5.1: Concrete strength development  
Table 5.4: Concrete strength of Tested beams 
Beams Cast date Test date Days 'cf  [Mpa] tf  [Mpa] 
A-1 20/09/2012 23/10/2012 33 33.077 3.2 
A-2 20/09/2012 30/10/2012 40 34.555 3.2 
S1-1 20/09/2012 26/10/2012 36 33.710 3.2 
S1-2 20/09/2012 06/11/2012 47 36.032 3.2 
S2-1 20/09/2012 02/11/2012 43 35.188 3.2 
S2-2 20/09/2012 09/11/2012 50 36.666 3.2 
 
5.2.2 Reinforcement properties 
Reinforcement in series 1 beams 
Hot-rolled round deformed high yield (H) reinforcement bars with 25 mm diameter were 
used as the longitudinal reinforcement in the first series of beams. The tensile strength was 
obtained by testing 400mm long offcuts from the same batch of reinforcement. The bars were 
loaded under displacement control with the rate of 5mm/min. Axial strains were measured 
with a digital video extensometer as shown in Figure 5.2. 
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Figure 5.2: Bar test instrumentation 
 
Figure 5.3: Stress-strain diagram for first series of bar testing 
The resulting stress strain diagram is shown in Figure 5.3. The reinforcement is seen to have 
a clearly defined yield plateau at around 520Mpa. The strains in Figure 5.3 are only 
indicative of the shape of the stress strain curve as they were derived from platen to platen 
displacements which include bar slip. The elastic strains in particular are significantly 
overestimated. 
Reinforcement in series 2 beams 
Three different dimensions of hot-rolled round deformed high yield rebars (H) were adopted 
for manufacturing the second series of six beams as shown in Figure 5.4. Bars with 25mm 
diameters were used for bottom longitudinal reinforcement, while 16 mm bars were used for 
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the top longitudinal reinforcement. The stirrups were all 8 mm in diameter.  Three samples of 
each bar diameter were tested to determine the stress strain characteristics of the 
reinforcement using the methodology described in the previous section.   
 
Figure 5.4: Fractured bars for second batch of bar testing 
The stress-strain diagrams for all tested samples were shown in Figure 5.5 (a), (b) and (c). 
 
(a) Stress-strain relationship for 25mm bars 
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(b) stress-strain relationship for 16mm bars 
 
(c) stress-strain relationship for 8mm bars 
Figure 5.5: Stress-strain diagrams for second series of bar testing: (a) 25mm bars; (b) 16mm 
bars; (c) 8mm bars 
Figure 5.5 shows that the bars of the same diameter had almost the same stiffness and yield 
strength. The results were recorded by the non-contact digital video extensometer which is 
used to measure the length changes between two gage marks. The ultimate strain varied 
between specimens of the same bar size since the fracture position in the most of the tested 
bars was beyond the areas where were recorded by the digital video extensometer. Even so, 
the measurement of yield strength was not affected. According to all the data obtained from 
bar tests, the properties of different diameter reinforcements are plotted in Figure 5.6. 
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(a) stress-strain diagrams for H8, H16 and H25                         (b) zoom in on areas of interest 
Figure 5.6: Reinforcement properties: (a) stress-strain diagrams for H8, H16 and H25; (b) 
zoom in on areas of interest 
The yield strength of the reinforcement was obtained using the 0.2% offset rule, which gives 
yield strengths of 540Mpa, 540Mpa and 560Mpa for the H8, H16 and H25 bars respectively. 
The detail reinforcement material properties are summarised in Table 5.5.  
Table 5.5: Summary of reinforcement properties 
Type s
E   
[GPa] 
yf   
[MPa] 
uf   
[MPa] 
l   
[%] 
H8 200 540 665 - 
H16 200 540 640 22.7 
H25 200 560 652 16.7 
Note: l denotes to the reinforcement fracture strain. 
5.3 Results of series 1 beams 
5.3.1 Summary of experimental results 
Beams B1, B2 and B3 were subjected to single, two point and four point loads respectively. 
The beams were divided into two sets of three with either 25mm or 50mm cover to the main 
reinforcement as previously explained. The width of the bearing plate was 200mm on the left 
hand side of the beam and 150mm on the right hand side, both as shown in Figure 4.1. Strut 
and tie modelling predicts failure to occur in the shear span supported by the 150 mm wide 
bearing plate. All six beams failed in shear compression but not all on the side of the 150 mm 
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wide bearing plate. The beams with 25mm cover failed in the right hand shear span with the 
150mm wide bearing plate whereas the beams with 50mm cover failed in the left hand shear 
span with the 200mm wide bearing plate. The span-effective depth ratios of these beams were 
less than 2 which implies that their strength was increased by arching action. The 
experimental results are summarized in Table 5.6, which shows that      varied from 0.7 to 
1.6 where 
va  is clear shear span and d  is the effective depth. This implies that beams B2 can 
be categorized as deep beams and the rest of beams are short-span beams.  
Table 5.6: Summary of experimental results for first series of beams 
Beam 
'
cf  
[MPa] 
yf  
[MPa] 
d  
[mm] 
/va d  ctr
  
[mm] 
ultP  
[KN] 
flexP  
[kN] 
Critical 
side
† 
Failure 
mode 
B1-25 45.7 520 462.5 1.51 5.28 368 558 R+ S
a
 
B1-50 45.7 520 437.5 1.60 5.01 352 510 L+ S
a
 
B2-25 45.7 520 462.5 0.70 8.06 977 1001 R+ S
b
 
B2-50 45.7 520 437.5 0.74 9.23 929 942 L+ S
b
 
B3-25 45.7 520 462.5 1.51 6.08 480 726 R+ S
a
 
B3-50 45.7 520 437.5 1.60 7.32 580 684 L+ S
a
 
Note: 
ultP  denotes to failure load; flexP denotes to flexural capacity which is calculated using yf ; ctr
denotes to the maximum deflection at centre; †for observed critical shear span; + calculated for right 
(R)/left (L) shear span as defined in Figure 4.1. 
a
 refers to shear failure due to combined failure of 
compression zone and loss of anchorage of flexural reinforcement; 
b
 refers to shear failure due to 
concrete crushing between load points following yielding of flexural reinforcement. 
5.3.2 Failure modes and crack patterns 
The final crack patterns in beams B1-25, B1-50, B2-25, B2-50, B3-25 and B3-50 are shown 
in Figure 5.7 (a) to (f) for the shear spans in which failure occurred. The beams with 25mm 
cover failed as expected in the shear span supported by the 150mm wide bearing plate but the 
beams with 50mm cover unexpectedly failed in the side of the 200mm wide bearing plate.  
Figure 5.7(a) and (b) show that in beams B1-25 and B1-50 the critical shear crack extended 
from the bottom of the beam adjacent to the support towards the nearest edge of the loading 
plate at an angle of around 45
o
. At failure, the critical shear crack extended through the 
flexural compression zone and along the top of the flexural reinforcement towards the 
support. Beams B2-25 and B2-50 failed subsequent to yielding of the flexural reinforcement 
owing to concrete crushing between the point loads as shown in Figure 5.7(c) and (d). Figure 
5.7(e) and (f) show that the critical shear crack in beams B3-25 and B3-50 respectively 
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extended from the inner edge of the support towards the adjacent outer load (see Figure 
4.1(d)) at an initial angle of around 45
o
. In both beams, the critical shear crack changed 
direction at the outer load and extended towards the adjacent central load as the load was 
increased from 300 to 350kN. In the case of beam B3-25, the almost horizontal secondary 
shear crack between the point loads highlighted in Figure 5.7(e) formed first. The inclined 
portion of the critical shear crack between the two point loads formed suddenly at failure at 
almost the same instant that the concrete sheared adjacent to the support. The failure of beam 
B3-50 was characterised by concrete crushing adjacent to the central load of the critical shear 
span and spalling of the concrete cover adjacent to the support. It is unclear which event 
caused failure. In both B3 beams, failure of the concrete adjacent to the support resulted in an 
almost complete loss of dowel action and reinforcement anchorage that in turn caused a total 
loss of resistance.  
 
(a) Beam B1-25 
 
(b) Beam B1-50 
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(c) Beam B2-25 
 
(d) Beam B2-50 
 
(e) Beam B3-25 
Secondary shear crack 
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(f) Beam B3-50 
Figure 5.7: Crack pattern of first series of beams: (a) Beam B1-25; (b) Beam B1-50; (c) 
Beam B2-25; (d) Beam B2-50; (e) Beam B3-25; (f) Beam B3-50 
5.3.3 Load-deflection response 
Two LVDTs (#4 and #9) were used to measure the vertical deflection of the beams as shown 
in Figure 4.13. Both the results obtained from top and bottom LVTDs are shown in Figure 
5.8. The bottom LVDT malfunctioned for beam B2-50, so only the top measurement is 
shown in Figure 5.8(d). LVDT #8 measured out-of-plane deformations. The maximum lateral 
deflection was less than 0.2mm which is negligible confirming that the loading was applied 
vertically. 
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(c) Beam B2-25                                                   (d) Beam B2-50 
  
(e) Beam B3-25                                                   (f) Beam B3-50 
Figure 5.8: Load-deflection response: (a) Beam B1-25; (b) Beam B1-50; (c) Beam B2-25; (d) 
Beam B2-50; (e) Beam B3-25; (f) Beam B3-50 
Very similar results were obtained for the top and bottom LVDTs, as shown in Figure 5.8. 
Finally, the results obtained from top LVDT were adopted to reflect the deflection response. 
A comparison between the same loading arrangements but different concrete covers is shown 
in Figure 5.9. 
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(a) Beam with single point load 
 
(b) Beam with two point loads 
 
(c) Beam with four point loads 
Figure 5.9: Comparison of load-displacement response: (a) Beam with single point load; (b) 
Beam with two point loads; (c) Beam with four point loads 
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As can be seen from the figures above, the concrete cover had little influence on the load 
displacement response or the measured failure loads. The failure load of beams B1-50 and 
B2-50 with 50mm cover was slightly less than of their counterparts with 25mm cover. 
However, this was not the case for beam B3-50 which failed at a greater load than B3-25. 
More comprehensive discussions are made in Chapter 6.  
5.3.4 Concrete surface strains at level of longitudinal reinforcement 
Figure 5.10 shows the tensile strains along the longitudinal reinforcement that were measured 
in the concrete surface with a Demec gauge. The tensile strains here are average strains over 
the 150mm gauge length of the demec gauge. The yield strain of the reinforcement is 
estimated to be 0.0026y  (
32.6 10  ) from Figure 5.3. Figure 5.10 suggests that the 
longitudinal rebar yielded in beams B2-25 and B2-50. The maximum longitudinal strain 
along the rebar was on the failure side of shear span. 
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(b) Beam B1-50 
 
(c) Beam B2-25 
 
(d) Beam B2-50 
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(e) Beam B3-25 
 
(f) Beam B3-50 
Figure 5.10: Strains of longitudinal reinforcement: (a) Beam B1-25; (b) Beam B1-50; (c) 
Beam B2-25; (d) Beam B2-50; (e) Beam B3-25; (f) Beam B3-50 
It should be noted that the measured longitudinal reinforcement strains on the left side of 
beam B3-50  between 600mm and 750 mm from the beam centreline) cannot be the strains in 
the longitudinal reinforcement as the failure load was less than that corresponding to flexural 
failure. It follows that the high strains are either result from the concrete cover becoming 
debonded from the reinforcement or due to experimental error.   
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5.3.5 Strain distribution over height of beam at loading plates 
Demec gauges were used to measure the strain distribution at five locations over the depth of 
the beam at the loading plates. The measurements were used to determine the depth of the 
flexural compressive zone. The resulting strain distributions are plotted in Figure 5.11. The 
irregular strain distributions in Figures 5.11 (c) and (f) are explained by the observation that 
not all the pairs of demec points were crossed by cracks. Figure 5.11 shows that the extreme 
fibre compressive strain increases more rapidly than predicted assuming plane sections 
remain plane.  
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(c) Beam B2-25 
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(d) Beam B2-50 
 
 
(e) Beam B3-25 
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(f) Beam B3-50 
Figure 5.11: Strain at centre section over the depth of the beam: (a) Beam B1-25; (b) Beam 
b1-50; (c) Beam B2-25; (d) Beam B2-50; (e) Beam B3-25; (f) Beam B3-50 
5.3.6 Crack displacements 
The crack opening and sliding displacements were derived from the displacements measured 
using the triangular grid of demec points and the pairs of cross-transducers. The demec points 
and transducers were positioned on opposite faces of the beam in the positions shown in 
Figures 4.8 and 4.14. The crack displacements were calculated using the procedures 
described in Sections 4.4.3 and 4.4.6. Figure 5.12 shows the opening and sliding 
displacements for the first series of six beams. In general, reasonable consistent results were 
obtained from cross transducers and demec measurement. The higher displacement measured 
by demec gauges for beam B1-25 was due to the additonal contribution from a new diagonal 
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crack that propagated through the region measured by the demec gauges as shown in Figure 
5.7. The crack  displacements of beam B3-50 obtained by demec gauges is improper due to 
the false demec readings were recorded.  
Table 5.7 lists the crack opening and sliding displacements derived from the cross transducers 
under the peak load resisted by each beam. The table also shows the height from the bottom 
of the beam at which the crack displacements were measured as well as the angle of the crack 
to the horizontal. The crack angles for the cross transducers are different from those for the 
demec because they were located at different beam surfaces.   
Table 5.7: Summary of crack relative displacement 
Beams 
Cross transducers Demecs 
Position Height Angle a Opening ( w ) Sliding ( s ) Height Angleb 
B1-25 M 370.4 43° 0.86 0.30 370.4 34° 
B1-50 
M 304.5 36° 0.81 0.25 304.5 44° 
B 210.2 38° 1.44 0.28 210.2 41° 
B2-25 
M 327.8 48° 0.95 0.30 - - 
B 222.3 38° 1.21 0.50 222.3 42° 
B2-50 M 311.8 54° 0.83 0.20 311.8 45° 
B3-25 M 192.3 45° 2.00 1.32 192.3 35° 
B3-50 M 182.1 56° 1.82 1.14 182.1 55° 
Note: 
a
crack angle at the position of cross transducer; 
b  
crack angle where the specific demec gauges 
measured; M refers to the middle cross transducer; B refers to the bottom cross transducer 
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(b) Beam B1-50 
 
(c) Beam B2-25 
 
(d) Beam B2-50 
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(e) Beam B3-25 
 
(f) Beam B3-50 
Figure 5.12: Crack relative displacements: (a) Beam B1-25; (b) Beam B1-50; (c) Beam B2-
25; (d) Beam B2-50; (e) Beam B3-25; (f) Beam B3-50 
Figure 5.13 shows the influences of  loading arrangement and concrete cover on the 
maximum crack opening and sliding displacements of each beam. Significant influence of the 
loading arrangement on crack displacement were observed but not the cover. 
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(a) Crack opening  
 
(b) Crack sliding 
Figure 5.13: Comparison of crack displacement for each beam: (a) Crack opening; (b) Crack 
sliding 
The crack opening versus sliding was plotted in Figure 5.14 which shows that the crack 
opening was dominant over the sliding for the first six beams. The ratio of opening over 
sliding approximates to 3 for beams with single and two point loads and 1.5 for beams with 
four point loads. The crack kinematics are discussed in more detail in Chapter 6.  
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Figure 5.14: Critical shear crack kinematics for the first series of beams 
5.4 Results of series 2 beams 
5.4.1 Summary of experimental results 
Table 5.8: Summary of experimental results for second series of beams 
Beam 
'
cf  
[Mpa] 
yf [Mpa] 
Stirrups /va d  
ctr  
[mm] 
ultP  
[kN] 
flexP  
[kN] 
Critical 
side 
Failure 
mode H25 T8 
A-1 33.077 560 540 0 1.71 §  8.63 823 1235 R
+ S
a
 
A-2 34.555 560 540 0 1.60 4.09 349 890 L+ S
b
 
S1-1 33.710 560 540 4T8 1.60 §  8.43 1000 1235 L
+ S
c
 
S1-2 36.032 560 540 4T8 1.71 5.91 601 890 R+ S
d
 
S2-1 35.188 560 540 6T8 1.60 §  11.1 1179 1235 L
+ S
e
 
S2-2 36.666 560 540 6T8 1.71 8.78 820 890 R+ S
f
 
Note: ctr  denotes to the maximum deflection at failure which is relative to the supports. ultP  is 
maximum load at failure. flexP is flexural capacity which is calculated using yf ; 
§
calculated by /va d  
where va  is the distance between the edge of innermost loading plate to the edge of bearing plate; + 
calculated for right (R)/left (L) shear span. 
a
 refers to shear failure due to concrete crushing at outer 
load and adjacent support; 
b
 refers to shear failure due to crushing of the concrete adjacent to the 
support. 
c
 refers to shear failure due to concrete crushing adjacent to the outermost loading plate. 
d
 
refers to shear failure due to concrete shearing adjacent to the loading and support plates. 
e
 refers to 
shear failure due to concrete crushing along the complete length of shear crack; 
f
 refers to shear failure 
due to concrete crushing adjacent to the loading plate and along the edges of shear crack. 
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Four beams of the second series of six were reinforced with shear reinforcement. The failure 
loads and critical shear spans of these beams are tabulated in Table 5.8. Beam A-1, S1-2 and 
S2-2 failed on the side of 100mm bearing plates while the rest of beams failed on the side of 
200mm bearing plates. The flexural reinforcement remained elastic in all the beams and the 
stirrups yielded at failure.  
5.4.2 Failure modes and crack patterns 
Figures 5.15(a) to (f) show the final crack patterns in the critical shear span of the second 
series of beams. Beam A-1 was unreinforced in shear and loaded with four point loads like 
beams B3-25 and B3-50. The failure mode of beam A-1 was less clear than that of beams B3-
25 and B3-50. It was characterised by the formation of two diagonal cracks; one of which 
was cranked as in the B3 beams. The other ran directly between the inner most load and the 
support as shown in Figure 5.15(a). The failure was characterised by opening of both 
diagonal cracks and crushing of the concrete adjacent to the outermost load and adjacent 
support. Loss of anchorage and dowel action, which characterised the failure of B3-50, was 
inhibited by the provision of stirrups, outside the shear span, to the right of the bearing plate. 
The provision of the 2H16 bars in the flexural compression zone helped maintain the integrity 
of the flexural compression zone and appeared to change its mode of failure as can be seen by 
comparing the crack patterns in Figures 5.7 (e), (f) and 5.15(a). The failure of the flexural 
compression zone was characterised by sliding along an inclined crack in beams B3-25 and 
B3-50 unlike beam A-1 where, near failure, a horizontal crack developed between the two 
point loads, underneath the 2H16 bars in the flexural compression zone.   
The crack patterns were similar in beams S1-1 and S2-1 with four point loads as shown in 
Figures 5.15(c) and (e). In each case, the critical shear crack ran directly between the inside 
edge of the 200 mm wide bearing plate and the inside edge of the adjacent loading plate. 
Failure was due to concrete crushing adjacent to the outermost loading plate in beam S1-1. 
The failure of beam S2-1 was similar but concrete crushing occurred along the complete 
length of the critical diagonal crack rather than being confined to its top end. Beams A-2, S1-
2 and S2-2 were identically reinforced to their counterparts A-1, S1-1 and S2-1 respectively 
but were loaded with two instead of four point loads. The critical shear crack was almost 
straight and extended between the inside edges of the loading and support plates in beams A-
2, S1-2 and S2-2 as shown in Figures 5.15(b), (d) and (f). Beam A-2, without shear 
reinforcement, appeared to fail due to crushing of the concrete adjacent to the 200 mm wide 
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bearing plate.  The failure of beam S1-2  was clearly due to yielding of the stirrups and 
subsequent widening of the critical diagonal crack which resulted in the concrete shearing 
adjacent to the loading and support plates. Beam S2-2 failed due to concrete crushing 
adjacent to the innermost loading plate and along the edges of the critical shear crack. One of 
the stirrups also fractured at failure but this is thought to have occurred subsequent to 
concrete crushing. 
In all cases, vertical flexural cracks formed near mid-span at early loading stages. The cracks 
propagated towards the bearing plates with increasing loading, see Figure 5.15. The same as 
previous first six beams, the flexural cracks were independent from the critical diagonal 
cracks.  
 
(a) Beam beam A-1 
 
(b) Beam beam A-2 
 
(c) Beam beam S1-1 
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(d) Beam S1-2 
 
(e) Beam S2-1 
 
(f) Beam S2-2 
Figure 5.15: Crack pattern of tested beams: (a) Beam A-1; (b) Beam A-2; (c) Beam S1-1; (d) 
Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
5.4.3 Load-deflection response 
Deflections were measured with LVDTs placed at the top and bottom of the beams as in the 
first series of tests. The results obtained from the bottom LVDT were very similar but slightly 
larger than those obtained from the top LVDT.  
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(a) Beam A-1                                                        (b) Beam A-2 
  
(c) Beam S1-1                                                        (d) Beam S1-2 
   
(e) Beam S2-1                                                        (f) Beam S2-2 
Figure 5.16: Load-deflection response: (a) Beam A-1; (b) Beam A-2; (c) Beam S1-1; (d) 
Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
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Figure 5.17 compares the load displacement responses of the beams with different stirrup 
ratios for each loading arrangement. The figures show that the shear reinforcement 
significantly increased the shear capacity of the beams. It should be noted that the deflection 
of Beam A-1 under its peak load is unexpectedly larger than that of Beam S1-1. This can be 
explained by the crack. Generally, only one major shear crack forms at each shear span. 
However, two major shear cracks formed in beam A-1 each of which opened significantly at 
failure thereby increasing the vertical displacement of the beam. 
 
(a) Beams with four point loads 
 
(b) Beams with two point loads  
Figure 5.17: Comparison of load-displacement response: (a) Beam with four point loads; (b) 
Beam with two point loads 
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5.4.4 Concrete surface strains at level of longitudinal reinforcement 
Figure 5.18 shows the tensile strains along the longitudinal reinforcement obtained from the 
demec measurements and strain gauge readings where available.  The yield strain of the H25 
reinforcement bars is shown to be around 0.003 in Figure 5.6. Figure 5.18 shows that the 
flexural reinforcement was close to yield, or possibly at yield, in the beam tests with shear 
reinforcement flexural reinforcement strains were also measured with strain gauges in beams 
A-1, S1-1 and S2-1 at the positions shown in Figures 4.11. It is worth noting that the results 
obtained from strain gauges were less than those obtained from demec measurements. This 
implies that the reinforcement strain at the gauges was less than the mean strain at the 
concrete surface over the 150 mm gauge length of the Demec extensometer. 
 
(a) Beam A-1  
 
(b) Beam A-2 
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(c) Beam S1-1 
 
(d) Beam S1-2 
 
 (e) Beam S2-1 
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(f) Beam S2-2 
Figure 5.18: Strains of longitudinal reinforcement: (a) Beam A-1; (b) Beam A-2; (c) Beam 
S1-1; (d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
Figure 5.19 shows the variation in flexural reinforcement strain with total applied load at the 
strain gauges. Some of the  strain gauges were faulty as indicated in the figures below. The 
strain in the bottom layer of the main bars at midspan was consistently larger than that in the 
upper layer of bars . The strain was greatest at midspan in all the beams except S2-1. This 
also can be seen in Figure 5.18.  
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(b) Beam S1-1 
 
(c) Beam S2-1 
Figure 5.19: Strain of Longitudinal reinforcement using strain gauges (a) Beam A-1; (b) 
Beam S1-1; (c) Beam S2-1 
5.4.5 Strains in the shear reinforcement 
Strains were measured in the stirrups with both strain gauges and demec points in the beams 
with four point loads but only with demec points in the beams with two point loads. Strain 
gauges and vertical arrangements of demec points were only positioned on the side of the 
100mm support which was expected to be on the side of the critical shear span. In practice, 
beams S1-1 and S2-1 failed in the opposite shear span where the baring plate was 200 mm 
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wide.  Hence, triangle demec mearsurements were used to calculated the strain along vertical 
stirrups in the crtitcal shear spans of beams S1-1 and S2-1. The stirrups strain at non critical 
shear span of beams S1-1 and S2-1 were plotted as well, see Figure 5.20(a) and (c). The main 
diagonal shear crack of each span are shown in Figure 5.20 and the black triangles indicate 
the point at which strains were measured in the stirrups. Demec strains are only presented at 
points where the stirrups are crossed by the critical shear crack. The vertical demec readings 
shown in Figure 5.20 are average values over the 150 mm gauge length of the Demec 
extensometer and hence less than the peak reinforcement strains which occur at cracks.  
Figure 5.20 shows that the strain at initial loading stage was  insignificant but it increased 
rapidly once the main diagonal crack formed.  
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(b) Beam S1-2 
 
 
(c) Beam S2-1 
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(d) Beam S2-2 
Figure 5.20: Strain of stirrups at the side of 100mm support: (a) Beam S1-1; (b) Beam S1-2; 
(c) Beam S2-1; (d) Beam S2-2 
5.4.6 Crack displacements 
The crack opening and sliding displacements were measured using demec gauges and cross 
transducers. The demec points and cross transducers were positioned on opposite sides of the 
beams, as for the first series of six beams, in the positions shown in Figures 4.8 and 4.14. The 
crack opening and sliding displacements at failure are shown in Table 5.9. 
Table 5.9: Crack displacements using cross transdcuers and demecs.  
Beams 
Cross transducers  Demecs 
Position Height Anglea 
Opening 
[ w ] 
Sliding [ s ] Height Angleb 
A-1 M 349.1 39° 0.71 0.49 349.1 41° 
A-2 
B 144.6 52° 1.61 0.86 144.6 42° 
M 247.4 40° 1.42 0.99 247.4 37° 
S1-1 B 167.4 49° 1.01 0.68 167.4 49° 
S1-2 
B 163.3 40° 0.81 0.38 163.3 34° 
M 284.7 49° 0.98 0.47 284.7 40° 
S2-1 
B 171.8 61° 0.81 0.59 171.8 34° 
M 357.1 56° 0.79 0.48 357.1 43° 
S2-2 M 374.0 35° 1.03 0.50 374.0 34° 
Note: 
a
  crack angle at the position of cross transducer; 
b  
crack angle where the specific demec gauges 
measured; M refers to the middle cross transducer; B refers to the bottom cross transducer. 
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Table 5.9 shows that the crack angles were slightly different in the calculation between these 
two measurements. This is because of differences in the crack patterns on each side of the 
beams. The crack opening and sliding displacements varied along the same critical shear 
crack as indicated in Figure 5.21. Overall, there was good agreement between the cross-
transducer and demec readings, especially in beams A-1, A-2, S1-1 and S1-2. In beam S2-1 
and S2-2, these two measurements started to give slightly different results after reaching the 
load of 180kN. The higher displacement recorded by demec gauges was due to the additonal 
contribution from a new diagonal crack that propagated through the region measured by the 
demec gauges. Hence, the results obtained from cross-transducers were more reliable for 
these beams than those from the demec gauge. 
 
(a) Beam A-1 
 
(b) Beam A-2 
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(c) Beam S1-1 
 
(d) Beam S1-2 
 
(e) Beam S2-1 
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(f) Beam S2-2 
Figure 5.21: Crack relative displacements: (a) Beam A-1; (b) Beam A-2; (c) Beam S1-1; (d) 
Beam S1-2; (e) Beam S2-1; (d) Beam S2-2 
It should be noted that shear failure always occurred in the shear span within which the 
potentially critical shear cracks were widest. Figures 5.22(a) and (b) show that the maximum 
width of the critical shear crack, at any given load, reduced with increasing area of shear 
reinforcement for beams with four and two point loads respectively.  
 
(a) The maximum critical shear crack width with load in beams A-1, S1-1 and S2-1 
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(b) The maximum critical shear crack width with load in beams A-2, S1-2 and S2-2 
Figure 5.22: Variation in maximum critical shear crack width with load: (a) beams A-1, S1-1 
and S2-1; (b) beams A-2, S1-2 and S2-2 
The kinematics of the critical shear cracks, at the points of maximum width, is illustrated in 
Figures 5.23(a) and (b) for beams with four and two point loads respectively. The dotted lines 
indicate the crack displacements subsequent to the application of the peak load. Figure 5.23 
shows that the crack opening was dominant to crack sliding in all six beams. The ratio 
between the crack opening and sliding ( /w s ) in beams with four point loads reduced from an 
initial value of around 2 to near 1.5 failure, while the ratio of /w s in beams with two point 
loads reduced from an initial value of around 3 to 2 at failure. The crack kinematics are 
discussed in more detail in Chapter 6.  
 
 (a) Ratio between crack opening and sliding in beams A-1, S1-1 and S2-1 
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(b) Ratio between crack opening and sliding in beams A-2, S1-2 and S2-2 
Figure 5.23: Critical shear crack kinematics in beams: (a) Beam A-1, S1-1 and S2-1; (b) 
Beam A-2, S1-2 and S2-2 
5.4.7 Horizontal displacements and beam end rotations 
Two pairs of LVDTs (#1 and #2; #6 and #7) were positioned at each end of the beams to 
record horizontal displacements, refer to Figure 4.14. The average of the bottom and top 
horizontal displacements of the beams were figured out in Figure 5.24. The horizontal 
displacement is considered positive outwards the centre of the beam. An interesting aspect is 
noted that the average horizontal displacement is positive for beams which failed in 100mm 
wide support span, while this value is negative for beams which failed in 200mm wide 
support span. In addition, different behaviours for beams with two or four point loads were 
presented after reaching the ultimate loads. The horizontal displacements measured in the 
beams with four point loads kept increasing after reaching the failure load. However, this was 
not the case for the beams with two point loads indicating that the kinematics of the two 
failures are not the same.  
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(a) Beams with four point loads 
 
(b) Beams with two point loads 
Figure 5.24: Horizontal displacements at critical shear span relative to ground: (a) Beams 
with four point loads; (b) Beams with two point loads 
Rotations were measured at both end of the beams using LVDTs and Inclinometers as shown 
in Figure 5.25. A series of the comparsion of these two measurements was shown in Figure 
5.26 which indicated a very good agreement. In beams S1-2, S2-1 and S2-2, the rotations of 
100mm side from inclinometers are missing due to operational error but are likely to have 
been similar to those obtained with the LVDTs.  
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Figure 5.25: Measurement of beam end rotations 
 
(a) Beam A-1  
 
(b) Beam A-2 
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(c) Beam S1-1 
 
(d) Beam S1-2 
 
(e) Beam S2-1 
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(f) Beam S2-2 
Figure 5.26: A comparison of beam rotations using Inclinometers and LVDTs: (a) Beam A-1; 
(b) Beam A-2; (c) Beam S1-1; (d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
Figure 5.27 shows the beam end rotations for the shear span supported by the 100 mm wide 
bearing plate. The transducers rotations are shown since there were a few anomalies in the 
rotations derived from the inclinometers. It is worth noting that the direction of rotation 
changed after reaching the ultimate load in beams A-1, S1-2 and S2-2, but not for the other 
beams.  
 
(a) Rotations for beams with four-point loading 
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(b) Rotations for beams with two point loads 
Figure 5.27: Beam rotations at the shear span with 100mm support: (a) Beam with four point 
loads; (b) Beam with two point loads 
5.5 Conclusions 
Twelve reinforced concrete beams were tested to investigate shear enhancement in beams 
loaded with one or two concentrated loads within 2 d  of their supports. Various experimental 
data were obtained including ultimate loads, failure modes, crack patterns, vertical and 
horizontal displacement load response, reinforcement strains and crack displacements.  
Concrete cylinders and cubes were cured in water and alongside the specimens for each set of 
six beams. The in situ concrete strengths of the beams are thought to have lain between the 
air and water cured strengths. In order to give the greatest safe predictions, the water cured 
strengths were used in the calculation of beams. The yield strength of reinforcement used in 
this experimental work was calculated by 0.2% offset yield rules.  
Two series of beams were tested to study the influence on shear strength of loading 
arrangements (Single, two and four point loads), concrete cover (25mm and 50mm) and 
stirrups ratio (without, light and heavy stirrups ratio). Although the beams failed in shear, the 
type of failure modes was varied depending on the crack kinematics, loading arrangement 
and shear reinforcement ratio. The shear span supported by the narrowest bearing plate was 
predicted by strut and tie modelling to be critical in all cases. However, in fact of that half of 
the twelve beams failed in the shear span supported by the widest bearing plate.  
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Flexural cracks formed independently of the critical diagonal shear cracks in all cases. The 
crack opening of critical shear crack is predominant during the whole test process. However, 
the crack sliding showed a more rapid growth than crack opening near failure. Furthermore, 
the ratio of opening over sliding in beams with two point loads ( / 2w s  ) is larger than that 
in beams with four point loads ( / 1.5w s  ). That means the crack opening was more 
predominant in beams with two point loads than in beams with four point loads. Lastly, the 
width of the critical shear crack increased less rapidly with increasing loads as the number of 
stirrups was increased. 
In order to ensure the accuracy and reliability of measurements, different instrumentations 
and techniques were used to detect the experimental data. For example, the crack relative 
displacements were recorded using demec gauges and cross transducers, the beam rotations 
were monitored using two pairs of LVDTs and inclinometers etc. Measurements had an 
excellent agreement between each other. Hence, the results obtained from this experimental 
work were reliable. The average of top and bottom horizontal displacements kept increasing 
after reaching the failure load in the beams with four point loads, but not for the beams with 
two point loads, which indicate two different failure kinematics. In addition, the beam end 
rotations changed direction after failure in the critical shear span. 
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Chapter 6  
Analysis of Short Span Beams 
6.1 Introduction 
This chapter analyses the experimental data presented in Chapter 5. The measured shear 
strengths of the tested beams are compared with the predictions of BS8110, EC2, strut and tie 
modelling (STM) and NLFEA. As discussed in Chapter 2, the shear resistance of beams 
depends upon the ratio of the shear span to effective depth ( /va d ) or  /M Vd . In particular, 
shear resistance is increased by arching action when loads are applied to the top surface of 
beams within around 2d  of supports. For practical reasons, investigations into shear 
enhancement close to supports are often carried out on short span beams. However, in 
practice shear enhancement occurs whenever loads are applied to the top surface of beams 
within 2d  of supports. A large number of investigations have been conducted into the shear 
behaviour of short span beams over many decades. Clark (1951) proposed one of the earliest 
equations for shear enhancement adjacent to supports. Subsequently, Zsutty (1968) identified 
what is known as the diagonal tension failure. In this case, a diagonal crack typically 
propagates in a straight line from the inner edge of bearing plates to the outer edge of loading 
plates. Shear enhancement in short span beams is commonly attributed to arching action. 
Empirical equations are used to model shear enhancement in design codes like ACI 318, 
BS8110 and EC2. BS8110 increases the shear resistance provided by the concrete by the 
multiple 2 / vd a  (where va  is the clear shear span) whereas EC2 reduces the component of 
the design shear force by the multiple / 2 0.25va d  . Furthermore, BS8110 assumes that the 
shear resistances provided by the shear reinforcement and concrete are additive unlike EC2 
which takes the shear resistance as the greater of the two. Consequently, BS8110 and EC2 
give significantly different strength predictions on concrete beams, especially for the beams 
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with multiple point loads. The detailed analysis on empirical design equations in design codes 
and other design methods are discussed in this chapter. 
EC2 also allows the strut and tie method (STM) to be used to model shear enhancement. This 
chapter develops a STM for beams with two point loads within 2d  of supports. The model is 
shown to give reasonable predictions of the strengths of the beams with four point loads 
tested by the author. The realism of some key assumptions made in STM, such as the 
relationship between bearing plate width and strut strength, is investigated and conclusions 
drawn. NLFEA is also carried out for comparison with the STM and experimental data. 
Subsequently, the shear stresses transmitted at the critical shear crack are discussed in detail. 
Different empirical and theoretical models are adopted to assess the relative contributions to 
shear resistance of aggregate interlock, dowel action, compression zone and stirrups.  
6.2 Existing design methods 
6.2.1 General aspects 
The measured shear strengths were compared with those given by the empirical design 
equations of EC2, BS8110 and fib Model Code 2010. EC2 and fib Model Code 2010 reduce 
the design shear force EdV  by the multiple 2va d   for beams loaded on the top surface 
within a distance of 2vd a d  . However, this is not the case for BS8110 which increases 
the basic shear resistance provided by the concrete ,Rd cV  by the multiple 2 / vd a . The 
predictions of Zararis shear strength model (Zararis, 2003), Unified Shear Strength model 
(Kyoung-Kyu et al., 2007) and Two-Parameter theory (Mihaylov et al., 2013) were also 
compared with the measured shear strengths.  
6.2.2 Sectional approaches in EC2, BS8110 and fib Model Code 2010 
As previously discussed, EC2 and fib Model Code 2010 reduce the component of the design 
shear force due to the loads placed within 2d  of the support by the multiple / 2va d  . 
Conversely, BS8110 enhances the shear resistance provided by the concrete within 2d  of 
supports by the multiple /cv   (in which cv is the shear resistance provided by the concrete in 
MPa) but not more than 0.8 cuf  or 5 MPa. The three methods of enhancing shear resistance 
are only equivalent for symmetrically loaded beams without shear reinforcement subjected to 
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single point load within 2d  of each span. All three codes assume stirrups to be effective if 
positioned within the central ¾ of the shear span. However, BS8110 and fib Model Code 
2010 add the design shear resistances provided by the concrete and stirrups unlike EC2 which 
takes the shear resistance as the greater of the two. The three methods are compared below 
for beams symmetrically loaded with two point loads positioned within 2d  of each support 
as shown in Figure 6.1. 
 
Figure 6.1: Failure planes of beams with four point loads 
Following the recommendations of EC2, inequalities can be derived for shear failure along 
inclined planes with horizontal projections of 1va  and 2va  as follows:   
EC2:                           
 1 1 2 2 1 , 1max ,Rdav Rd c av sw ydP P V V n A f                                                   (6.1) 
 2 2 2 , 2max ,Rdav Rd c av sw ydP V V n A f                                                        (6.2) 
1 2
1 2,  
2 2
v va a
d d
                                                                             (6.3) 
where ,Rd cV  is defined in equation (2.31) and avin  is the number of stirrups with cross-
sectional area swA within the central ¾ of the clear shear span via . Equation (6.1) is critical 
provided 1 2av avn n  which is generally the case. In the case of beams loaded as shown in 
Figure 6.1 with 2 1P P  and 1 ,av sw yd Rd cn A f V , equation (6.1) leads to the illogicality that 
shear resistance is significantly reduced by the application of 1P  at 1va since the number of 
effective stirrups crossing the critical shear plane reduces from 2avn  to 1avn . An alternative 
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interpretation of the EC2 requirements, which are not explicitly defined for multiple point 
loads, is that:     
    1 1 , 1 2 2 , 2/ max , / max , 1Rd c av sw yd Rd c av sw ydP V n A f P V n A f                                      (6.4) 
Equation (6.4) is identical to equation (6.1) for members without shear reinforcement but is 
more logical for members with shear reinforcement. Equation (6.4) can be simplified as 
follows if 
,avi sw yd Rd cn A f V  for all avin , and the stirrups are assumed to be uniformly spaced 
within 2d of the support such that / 1.5 /avi sw i swn A A d s   where 0.75 /vi avis a n  is the 
stirrups spacing within the central ¾ of via . 
1 2 1.5 /sw ydP P A f d s                                                                       (6.5) 
It is instructive to compare equation (6.5) with equation (6.6) below which is the standard 
variable strut inclination (VSI) design equation for shear reinforcement in EC2. 
, ,0.9 /Rd s sw yd Rd maxV A f dcot s V                                                                (6.6) 
where 
 , 0.9 /Rd max cdV bd f cot tan                                                                  (6.7) 
in which  0.6 1
250
ck
cd
f
f
 
  
 
and1 2.5cot  . 
The upper limit of 
,Rd maxV  defined in equation (6.7) also applies to beams with concentrated 
loads within 2d  of the support but in this case EC2 does not define the value of cot  that 
should be used to calculate ,Rd maxV . This omission is rectified in the background document to 
the UK National Annex to EC2-1which in this case defines cot  as /va d  but not less than 
1.0. It should be noted that equation (6.7) theoretically refers to the maximum strength in 
shear for concrete crushing when a constant-angle stress field develops. Consequently, it is 
not strictly applicable adjacent to supports where the stress field corresponds more to a fan or 
single strut. Equation (6.5), and hence (6.4), is questionable as it gives lower failure loads 
than equation (6.6) for cases where the maximum permissible value of cot in equation (6.6) 
is greater than1.5 / 0.9 1.67 . Furthermore, equation (6.5) predicts the failure load of beams 
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with design shear reinforcement to be independent of the positions of the point loads which is 
inconsistent with test data. 
BS8110 calculates the failure load of beams with the loading arrangement shown in Figure 
6.1 as the least of the following:  
1 2 , 1 1 12 / /Rd c v av sw yd vP P V d a n A f d a                                                        (6.8) 
2 , 2 2 22 / /Rd c v av sw yd vP V d a n A f d a                                                        (6.9)                                      
 where 
,Rd cV  is given by equation (2.31) and  2via d .  
The shear design for reinforced concrete beams in fib Model Code 2010 is classified into four 
different levels of approximation depending on the level of efficiency required and the 
importance of structural members. The preliminary design (low level of approximations) is 
quick but very conservative. More efficient designs can be obtained using higher levels of 
approximations but with greater calculation effort. Further details of the fib Model Code 2010 
design models for shear are given in Section 2.3.3. In this work, higher level of 
approximation was adopted to assess the tested beams (i.e. Level II model was used for 
beams without shear reinforcement, Level III model was used for beams with shear 
reinforcement). Similar to EC2, fib Model Code reduces the component of the design shear 
force from loads applied to the top surface of the beam within 2d of supports by the multiple
/ 2va d  . This leads to the following inequalities for the design shear resistance of the 
beam shown in Figure 6.1. 
1 1 2 2 , ,Rd Rd c Rd sP P V V V                                                                          (6.10) 
In fib Model Code 2010, the equation ,
sw
Rd s yd
A
V zf cot
s
  is used to calculate the 
contribution of shear reinforcement, where s is the stirrups spacing and  is the inclination of 
compressive stress field. is given by 20 10000 x   and ( ) 2x Ed Ed s sM z V E A   .  
Note that the total area of stirrups used in the calculation of shear resistance is 1.5 /swA d s  in 
EC2 but only 0.75 /swA d s in BS8110 where 0.75 /vi avis a n . 

Shear Enhancement in Reinforced Concrete Beams                                Chapter 6 Analysis of Short Span Beams 
 
187 
 
The shear enhancement methods of EC2, BS8110 and fib Model Code 2010 were used, with 
a partial factor of 1.0, to predict the shear strengths of the 12 beams tested in this program. 
All the stirrups were assumed to be effective in the calculation of shear resistance as strain 
measurements indicate that all the stirrups either yielded or were close to yield. The EC2 
shear strengths were calculated with equation (6.4) since, as previously discussed, equation 
(6.1) falsely predicts beams S1-1 and S2-1, with four point loads and shear reinforcement, to 
fail at a lower total load than beams S1-2 and S2-2 with two point loads. Equation (6.10) was 
adopted in the calculation in fib Model Code 2010 shear strength. Ratios of the calculated to 
measured failure loads (Pcal/Ptest) are presented in Tables 6.1 and 6.2 for beams with one/two 
and four point loads respectively while Table 6.3 provides a statistical analysis of the results. 
All the codes are seen to safely predict the strengths of all the beams but as discussed below 
the relative accuracy of each method depends on whether or not shear reinforcement is 
present. The coefficients of variation in Table 6.3 show that EC2 is more accurate than 
BS8110 for beams without shear reinforcement but much less so for beams with shear 
reinforcement as discussed below. The predictions with mean concrete strength are also 
provided as see Appendix I. 
Table 6.1: Design codes predictions for beams with single and two point loads 
Note: †for observed critical shear span; + calculated for right (R)/left (L) shear span as defined in 
Figure 6.1 (bold type denotes critical shear span), 
§
 calculated using fy; ˠ the limitation of flexural 
reinforcement ratio / 0.2l sA bd    does not take into account. 
 
 
 
 
 
Beam ck
f  
[Mpa] 
d 
[mm] 
Critical 
side
† 
testP  [kN] /cal testP P  
Test Flex§ 
EC2ˠ BS 8110 fib Model Code 
L
+ R+ L+ R+ L+ R+ 
B1-25 45.7 462.5 R+ 368 558 0.62 0.62 0.59 0.59 0.57 0.58 
B1-50 45.7 437.5 L+ 352 510 0.60 0.60 0.57 0.57 0.56 0.57 
B2-25 45.7 462.5 R+ 977 1001 0.51 0.51 0.48 0.48 0.28 0.29 
B2-50 45.7 437.5 L+ 929 942 0.49 0.49 0.46 0.46 0.29 0.29 
A-2 34.6 442.5 L+ 349 890 0.73 0.68 0.69 0.64 0.65 0.52 
S1-2 36.0 442.5 R+ 601 890 0.91 0.85 0.85 0.79 0.97 0.93 
S2-2 36.7 442.5 R+ 820 890 1.00 0.94 0.80 0.74 0.96 0.93 
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Table 6.2: Design codes predictions for beams with four point loads   
Note: †for observed critical shear span; + calculated for right (R)/left (L) shear span as defined in 
Figure 6.1 (bold type denotes critical shear span); 
§
 calculated using
yf ; ˠ the limitation of flexural 
reinforcement ratio / 0.2l sA bd    does not take into account. 
Table 6.3: Statistical analysis of /cal testP P –EC2, BS8110 and fib Model Code 2010 
Beams Design method EC2 BS8110 fib 
First series of beams 
Mean 0.56 0.61 0.44 
COV % 13 26 30 
Second series of beams 
Mean 0.70 0.73 0.71 
COV % 29 15 33 
All beams without shear reinforcement and 
one/two point loads 
Mean 0.59 0.55 0.47 
COV % 16 16 36 
All beams with four point loads
§ 
Mean 0.61 0.80 0.58 
COV % 16 11 28 
All beams with shear reinforcement 
Mean 0.77 0.79 0.82 
COV % 21 4 17 
All beams (Predicted failure side)
§ 
Mean 0.64 0.66 0.59 
COV % 23 20 38 
All beams (Actual failure side)
 § 
Mean 0.65 0.68 0.59 
COV % 22 21 37 
Note: 
§ 
All beams except beam A-1 
Table 6.3 shows that BS8110 and EC2 give similar strength predictions for the beams 
without shear reinforcement and one/two point loads. EC2 also gives similar values of 
Pcal/Ptest for all the beams of the first series unlike BS8110 which gives significantly greater 
values of Pcal/Ptest for the beams with four than one/two point loads and fib Model Code 2010 
Beam ck
f  
[Mpa] 
d 
[mm] 
Critical 
side
† 
testP  [kN] /cal testP P  
Test Flex§ 
EC2ˠ BS 8110 fib Model Code 
L
+ R+ L+ R+ L+ R+ 
B3-25 45.7 462.5 R+ 480 726 0.65 0.65 0.90 0.90 0.50 0.50 
B3-50 45.7 437.5 L+ 580 684 0.50 0.50 0.69 0.69 0.39 0.39 
A-1 33.1 442.5 R+ 823 1235 0.41 0.38 0.57 0.53 0.31 0.31 
S1-1 33.7 442.5 L+ 1000 1235 0.57 0.51 0.81 0.70 0.66 0.65 
S2-1 35.2 442.5 L+ 1179 1235 0.72 0.65 0.81 0.70 0.75 0.75 
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which gives overly conservative results for the beams with / 0.7a d  . Unsurprisingly, all 
three codes significantly underestimate the strength of beam A-1 with four point loads and fc 
= 35.6 MPa which failed at P = 823 kN compared with P = 480 kN for beam B3-25 and 580 
kN for beam B3-50 both with fc = 45.7 MPa. As previously discussed in Section 5.4.2, the 
greater strength of beam A-1 appears to result from its secondary reinforcement (i.e. stirrups 
within the anchorage zones at the ends of the beam and compression reinforcement) which 
does not affect the calculated shear resistance.  
Table 6.3 also shows that, irrespective of the loading arrangement, BS8110 gives consistently 
estimates of Pcal/Ptest for the beams with shear reinforcement. This is not the case for EC2 
which gives the same failure loads for beams S1-1 and S1-2 as well as S2-1 and S2-2 despite 
the ratio of the total failure loads for beams with four and two point loads being 1.66 for the 
S1 beams and 1.44 for the S2 beams. fib Model Code 2010 provides reasonable results for the 
beams with shear reinforcement but greater values were obtained for heavily reinforced 
concrete beams. As well as giving better, and much more consistent, predictions than EC2 
and fib Model Code 2010 for the shear resistance of beams with stirrups, BS8110 is also 
simpler to use. Further justification for the BS8110 method is provided by the observation 
that it correctly predicts the failure planes of all the tested beams. 
6.2.3 Other design methods 
Many shear strength models have been proposed over the past few decades, such as Zsutty 
shear strength model (Zsutty, 1968), Mau and Hsu model (Mau and Hsu, 1989), Nielsen 
model (Nielsen, 1999), Zararis shear strength model (Zararis, 2003), Unified Shear Strength 
model (Kyoung-Kyu et al., 2007) and the Two-Parameter kinematic theory (Mihaylov et al., 
2013). The Zararis, Mau Hsu and Unified Shear Strength models are applicable to beams 
with and without shear reinforcement and longitudinal web reinforcement. The Zsutty and 
Nielsen models, and the Two-Parameter kinematic theory are applicable to beams with and 
without shear reinforcement. In this work, Zararis model, Unified Shear Strength model and 
the Two-Parameter kinematic theory were used to assess the tested beams. More details on 
these models were given in Chapter 2.  
The Zararis model is based on a consideration of equilibrium at the critical diagonal shear 
crack. The model assumes that the shear failure of beams without shear reinforcement results 
from concrete crushing in the flexural compression zone, while the failure of beams with 
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shear reinforcement is due to a concrete crushing at top of the diagonal shear crack. The 
Unified Shear Strength model (Kyoung-Kyu et al., 2007) assumes that the shear resistance of 
a beam is mainly provided by the flexural compression zone and shear reinforcement. The 
contributions from aggregate interlock action and dowel action are neglected. Both methods 
are applicable to beams with one or two point loads. The Two-Parameter kinematic theory is 
based on the assumption that the concrete block above the critical crack translates vertically 
and simultaneously rotates about the top of the critical crack. The shear resistance is obtained 
by summing the contributions of the compression zone, aggregate interlock, dowel action and 
shear reinforcement (if present). The tested beams, beams B1-25, B1-50 and A-2 appear to 
have failed due to the concrete crushing at bottom of the critical shear cracks, which is not 
considered in the Zararis and Unified Shear Strength models. Beams B2-25 and B2-50 failed 
subsequent to yielding of the flexural reinforcement owing to concrete crushing in the 
compression zone. The failure mode of beam A-1 is less clear than that of beams B3 due to 
the formation of two diagonal cracks, which resulted the concrete crushing adjacent to the 
outermost load and adjacent support. None of these three models considered this type of 
failure model. Concrete crushing occurred at the top of critical cracks in all the beams with 
stirrups (i.e. beams S1-1, S1-2, S2-1, and S2-2) as assumed in these three models. 
Consequently, none of these models provide accurate failure kinematics for all the beams. 
Table 6.4 summarises the predictions of the three methods for the author‟s beams. It should 
be noted that the predictions of beams with four point loads obtained from Zararis and 
Unified Shear Strength model are calculated using both 
1va and 2va (see, Figure 4.1(d)), and 
the critical predictions are shown in Table 6.4.  
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Table 6.4: The predictions of Zararis model, Unified Shear Strength model and Two-
Parameter theory for tested beams  
Beam test
P  
[kN] 
/cal testP P  
Zararis shear strength 
model 
Unified Shear 
Strength model 
Two-Parameter theory 
L
+ R+ L+ R+ L+ R+ 
Beams with single and two point loads 
B1-25 368 1.26 1.31 0.76 0.81 0.92 0.91 
B1-50 352 1.17 1.22 0.67 0.72 0.93 0.93 
B2-25 977 1.28 1.39 0.62 0.65 1.26 1.25 
B2-50 929 1.19 1.29 0.61 0.64 1.26 1.25 
A-2 349 1.40 1.40 0.61 0.61 0.80 0.86 
S1-2 601 1.02 1.02 0.72 0.72 1.06 1.12 
S2-2 820 0.92 0.92 0.80 0.80 1.24 1.29 
Beams with four point loads 
B3-25 480 1.05 1.10 0.65 0.69 1.18 1.17 
B3-50 580 0.77 0.81 0.47 0.50 1.52 1.51 
A-1 823 0.58 0.58 0.25 0.24 1.02 1.09 
S1-1 1000 0.59 0.59 0.43 0.43 1.15 1.19 
S2-1 1179 0.63 0.63 0.55 0.55 1.25 1.26 
Note: + calculated for right (R)/left (L) shear span as defined in Figure 6.1 (bold type denotes critical 
shear span).  
Table 6.5: Statistical analysis of /cal testP P –Zararis model, Unified Shear Strength model and 
Two-Parameter theory 
Beams 
Design 
method 
Zararis‟s shear 
strength model 
Unified Shear 
Strength model 
Two-Parameter 
theory 
All beams with one/two point 
loads 
Mean 1.20 0.69 1.08 
COV % 15 12 18 
All beams without shear 
reinforcement and 1/2 point loads 
Mean 1.29 0.67 1.03 
COV % 8 12 20 
All beams with four point loads
§ 
Mean 0.77 0.53 1.27 
COV % 30 22 13 
All beams with shear 
reinforcement 
Mean 0.79 0.62 1.2 
COV % 27 27 7 
All beams (Predicted failure side)
§ 
Mean 1.02 0.63 1.14 
COV % 27 18 18 
All beams (Actual failure side)
 § 
Mean 1.05 0.64 1.15 
COV % 27 16 18 
Note: 
§ 
All beams except beam A-1 
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A statistical analysis of the results is presented in Table 6.5. The Zararis and Unified Shear 
Strength model are seen to give reasonable predictions for the beams with one or two point 
loads. However, this is not the case for the beams with four point loads. The Two-Parameter 
theory (Mihaylov et al., 2013) gives consistent predictions for the beams with shear 
reinforcement but significantly overestimates strength. The Zararis model and Two-
Parameter theory overestimate the strength of the beams with one and two point loads. The 
Unified Shear Strength model significantly underestimates the strength of the tested 
specimens but give more consistent values. Both the Zararis and Unified Shear Strength 
methods give the same failure loads for beams S1-1 and S1-2 as well as S2-1 and S2-2, even 
though the total failure loads for beams with four point loads are significantly greater than 
that for beams with two point loads. As discussed before, these two methods are aimed to 
design the beams with one or two point loads. Hence, unreasonable predictions for the beams 
with four point loads were obtained using both methods with the coefficient of variation of 30% 
and 22% respectively. 
Overall, the Unified Shear Strength model gives more consistent and more conservative 
results than the Zararis and Two-Parameter models. 
6.3 Proposed Strut and Tie models 
6.3.1 General aspects 
In addition to its empirical shear provisions, EC2 also allows STM to be used for modelling 
shear enhancement near supports. EC2 gives design concrete strengths for struts, with and 
without transverse tension, as well as nodes. The latter are classified as i) compression nodes 
without ties (CCC), ii) compression-tension nodes with reinforcement anchored in one 
direction (CCT) and iii) compression-tension nodes with reinforcement anchored in two 
directions (CTT). The maximum allowable stresses at CCC, CCT and CTT nodes are cdvf , 
0.85 cdvf  and 0.75 cdvf  respectively where  1 / 250ckv f  and /cd ck cf f  . The material 
factor of safety c  is taken as 1.5 in designs but as 1.0 in the strength assessments of this 
work.  
EC2 also gives design equations for the transverse reinforcement that is required for 
equilibrium in bottle stress fields which it refers to as full discontinuities. EC2 gives little 
guidance on how its STM rules should be used which gives the designer considerable 
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freedom in their application. For example, either the STM1 of Figure 6.2(a) or the STM of 
Figure 6.2(b) can be used for beams with single point loads within 2d of supports. The STM 
in Figure 6.2(a) was developed by Sagaseta and Vollum (Sagaseta and Vollum, 2010) whilst 
the STM in Figure 6.2(b) is based on the recommendations of ACI 318-11 (2011). The 
influence of web reinforcement on the strength of the direct struts in STM (Figure 6.2(b)) can 
be assessed using the full discontinuity equation of EC2. In this case, the authors (Najafian et 
al., 2013) have previously shown that the STM in Figure 6.2(a) gives significantly greater 
and more realistic predictions of shear resistance than the one in Figure 6.2(b).  
 
(a) Strut and tie model (STM1) proposed by Sagaseta and Vollum (Sagaseta and Vollum, 
2010) 
 
(b) Strut and tie model with bottle stress field 
Figure 6.2: Strut and tie models: (a) Strut and tie model (STM1) proposed by Sagaseta and 
Vollum (2010); (b) Strut and tie model with bottle stress field 
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In this work, the beams with single and two point loads were assessed using the STM (STM1) 
proposed by Sagaseta and Vollum (2010), while the beams with four point loads were 
assessed using the STM (STM2) proposed by the author. The STMs were implemented in 
accordance with EC2 and MCFT. 
6.3.2 Strut and tie model for beams with single or two point loads 
Sagaseta and Vollum (2010) have previously proposed a STM for beams with single and two 
point loads, see Figure 6.2(a). It is developed based on the considerations of force flow 
equilibrium. The stresses in the nodes are assumed to be non-hydrostatic. In other words, the 
normal stresses are different at each face of the node. This STM can be used for beams with 
or without shear reinforcement. Figure 6.3 shows the geometry of the STM for beams without 
shear reinforcement. The width of the bottom node is defined in terms of the length of the 
bearing plate bl , the distance to the centre of the reinforcement c and the angle of inclination 
of the centreline of the strut . The width of the top node depends on the width of the top 
bearing plate, the depth of the flexural compression zone and the angle of inclination of the 
strut. The shear resistance is calculated in terms of the axial resistance of the strut which is 
the least of t cstw bf  or b csbw bf  in which tw  and bw  denote the width of the strut at its top and 
bottom ends and cstf  and csbf  are the strengths of the direct strut at its top and bottom ends. 
The depth of the flexural compression zone tx  depends on the flexural compressive stress 
cntf  which is not fully defined in EC2. Further details of the STM are given in Section 2.7.6.  
 
Figure 6.3: STM1 for beams without shear reinforcement 
P/2 
/2 
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The failure load P can be determined from considerations of equilibrium and geometry as 
follows: 
 2
4 tan tan
4
t lp
cnt
l n
P d a bf 
  
    
    
                                                               (6.11) 
where P is the failure load and 
lpn is the number of loading points (i.e. 1 or 2) 
There are two unknowns in equation (6.11) namely the failure load P and the strut angle . In 
order to calculate failure load P, another independent equation is required which can be 
obtained from the failure conditions. Six potential failure modes were considered in this work 
(i.e. a) flexural failure, b) crushing of the strut at the bottom node, c) crushing at the rear face 
of the bottom node, d) bearing failure at bottom, e) crushing of the strut at the top node and f) 
bearing failure at the top node). In practice, shear failure of short-span beams without stirrups 
is typically predicted to occur as a result of crushing of the direct strut at its bottom node. 
Concrete crushing at the back of the bottom node is not required to be checked in EC2.  
Justification for neglecting this check is provided by Tuchscherer et al. (2011) amongst others. 
Failure typically occurs as a result of concrete crushing at either the bottom or top end of the 
strut in which case the failure load is given by the least of: 
Mode 1: Concrete crushing at bottom of direct strut. 
 22 .sin .sin 2 .b csbP l c f b                                                                                   (6.12)  
Mode 2: Concrete crushing at top of direct strut. 
22 sin sin 2 . .
2 2
lp t t
cst
n l x
P b f 
 
  
 
                                                                   (6.13) 
where tx is the depth of top node as shown in Figure 6.3, which can be expressed as follows: 
 2
2 tan
4
t
t lpl
x
n
d a 
  
   
    


                                                                       (6.14) 
Hence, the failure load P can be calculated by solving the equations (6.11) and (6.12) or 
(6.11), (6.13) and (6.14). This STM was used to calculate the shear failure load of beams B1 
and B2 without shear reinforcement.  
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Sagaseta and Vollum (2010) proposed a STM for beams with shear reinforcement subject to 
single point loads within 2d  of supports. All the stirrups were assumed to yield at failure. As 
before, the bearing stress is not checked at the back of the bottom node in this model. The 
beams are therefore assumed to fail due to crushing of strut I in Figure 6.2(a). Struts II and III 
are assumed to be not critical provided that the bearing stresses are within the EC2 limits of 
cdvf  at the load and 0.85 cdvf  at the supports. In this model, the load is assumed to be 
transferred from loading plate to bearing plate through two routes (i.e. direct strut I and strut 
II-stirrups-strut III). The failure load is then given by equation (6.15).  
1
2
(1 )
n
SiP T

 

                                                                                                    (6.15) 
where λ is defined as the fraction of shear force taken by strut I, 
1
n
SiT is the sum of each 
stirrups yield force SiT which can be expressed as sw ydA f . n is the number of effective stirrups 
in the central three quarters of clear span va .  
The tensile force T at bottom node in this model is composed by the horizontal component of 
force in strut I ( dT ) and strut III (
'
iT ). Then, the tensile force T, dT and 
'
iT can be expressed in 
equation (6.16) to (6.18) (Sagaseta and Vollum, 2010). 
'
d iT T T                                                                                              (6.16) 
1
cot
1
n
Sid T TT



  

                                                                               (6.17) 
'
1
' coti
n
Si iT T                                                                                             (6.18) 
where   is defined as the fraction of the total tensile force T  transferred by strut I to the 
bottom node.   is the inclination of strut I and '
i is the angle between the horizontal line and 
the lines drawn from the top of each stirrups to the bottom node as shown in Figure 6.2(a). 
Based on the geometry of this model,  and '
i can be expressed as follows (Sagaseta and 
Vollum, 2010): 
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'
'
[2( ) 1] (1 ) (2 ) 2
[2( ) 1]
t
( )
co
2 1
v b b i p
i
l t
i
a l n i l n S n l
n i c nc Ch



        
     

 
                                (6.20) 
where n is the number of stirrups as described before and i is defined as stirrups number. iS  
is the distance between the stirrups and rear face of the top node, refer to Figure 6.2(a). '
iC is 
defined as the vertical distance from the top of the beam to the intersection of the centreline 
of strut III and stirrups, which can be expressed as in equation (6.21) (Sagaseta and Vollum, 
2010). 
'
'
2v i lp ti
i
cnt v
a S n lT
C
bf a
 
                                                                                       (6.21) 
As mentioned before, shear failure is assumed to occur due to crushing of strut I. The axial 
resistance of strut I is defined as the minimum of b csbw bf  and t cstw bf , where bw and tw are the 
strut widths at the top and bottom strut-to-node interfaces, see equation (6.22). 
sin 2 cosb bw l c                                                                                      (6.22) 
The width bw is clearly defined but tw depends on the depth of the flexural compression zone 
which in turn depends on the flexural compressive stress cntf which is open to question. EC2 
gives maximum allowable stresses for nodes but through Clause 6.54 (8) allows CCC nodes 
to be sized on the basis of a hydrostatic stress distribution in which case, cntf  equals the 
bearing stress under the loading plate which can be low at failure. Consequently, this 
assumption can result in very low values of cntf  and hence excessively large nodes as noted 
by Tuchscherer et al. (2011) amongst others. Therefore, in line with previous 
recommendations (Tuchscherer et al., 2011, CSA, 2004, Cook and Mitchell, 1988), Sagaseta 
and Vollum (2010) took cntf as the maximum allowable stress at a CCC node. According to 
EC2,  0.6csb cdf vf  as Strut I is crossed by a tension tie at the bottom node. The strength of 
Strut I at the top node cstf is more debatable but was taken as cdvf on the basis that the top 
strut-to-node interface is i) not crossed by a tension tie and ii) under biaxial compression 
unless t bw w in which case failure occurs at the bottom node (Sagaseta and Vollum, 2010). 
Shear Enhancement in Reinforced Concrete Beams                                Chapter 6 Analysis of Short Span Beams 
 
198 
 
This approach is consistent with the recommendations of the Canadian code CSA AS23.3-04 
(2004) and Cook and Mitchell (1988) amongst others. According to Sagaseta and Vollum‟s 
investigation, the STM is able to give good predictions if the bw  is adopted to calculate the 
strength of the strut I. Thus, the vertical force equilibrium at the bottom node can be 
expressed in equation (6.23). 
 
1
2sin sin 2
1
b csb
n
Si l b fT c

   

   

                                                               (6.23) 
The failure load P can be solved from equations (6.15) to (6.23).  
The STM1 reduces to that previously discussed for beams without shear reinforcement when 
1    in which case the shear forces entirely resisted by the direct strut.  
The STM1 for beams with one or two point loads has previously been evaluated by Sagaseta 
and Vollum (2010) with data from 114 short-span beam tests of which 47 included shear 
reinforcement. Failure was assumed to occur due to the concrete crushing of the bottom of 
direct strut (Strut I) where the concrete strength was evaluated in accordance with both the 
EC2 and MCFT. Both methods gave reasonable predictions of the shear strength of beams 
with stirrups but the STM-EC2 tended to overestimate the shear resistance of beams without 
stirrups for / 2va d  . 
In this research, failure loads were calculated for the seven tested beams with two point loads 
using STM1. Strengths were calculated in accordance with both EC2 and the MCFT 
assuming all the stirrups were effective. Failure loads were calculated for both shear spans 
even though the shear span with the narrowest bearing plate is predicted to be critical in all 
cases. In fact, half of the beams failed in the shear span supported by the widest bearing plate. 
The results are given in Tables 6.6 in which values of /cal testP P are highlighted in bold for the 
shear span in which failure actually occurred. The STM-EC2 results were calculated 
assuming that the strength of the direct strut at the top node cstf equals the flexural 
compressive stress of  1 / 250cnt ck cdf f f  as postulated by Sagaseta and Vollum (2010).  
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Table 6.6: STM predictions for beams with single and two point loads 
Beam 
testP  
 [kN] 
 
/cal testP P  
STM1-EC2 STM1-MCFT 
L
+ R+ L+ R+ 
B1-25 368 1.35 1.21 0.86 0.82 
B1-50 352 1.65 1.54 0.93 0.92 
B2-25 977 0.92 0.80 0.87 0.83 
B2-50 929 1.09 0.98 0.93 0.92 
A-2 349 1.38 1.12 0.93 0.78 
S1-2 601 1.12 0.98 0.95 0.86 
S2-2 820 0.93 0.84 0.83 0.77 
 
Mean 1.20 1.07 0.90 0.84 
Note: + calculated for right (R)/left (L) shear span as defined in Figure 6.1 
6.3.3 Strut and tie model for beams with four point loads 
This section develops a STM (STM2) for modelling shear enhancement in beams with the 
four point loading arrangement shown in Figure 6.1. The orientation of the struts in the 
STM2 is consistent with an analysis of the cracking patterns observed in the tests and 
nonlinear finite element analysis carried out with DIANA (TNO-DIANA, 2011) using its 
fixed crack total strain model and plane stress elements (see Section 6.4.3).   
The geometry of the STM has two states depending on the magnitude of the inner loads 2P  
and the sum of stirrups forces 1 2s sT T . Figure 6.4(a) and (b) shows the STMs in the 
conditions of 2 1 2 s sP T T   and 2 1 2 s sP T T  respectively. The stirrups are assumed to yield 
at failure and are represented by ties 11 a sw yds n A fT   and 22 a sw yds n A fT   placed at the 
centroids of the effective stirrups between adjacent bearing/loading plates. The assumption 
that stirrups yield is justified by the experimental work in this thesis and that of Sagaseta 
(Sagaseta, 2008).  
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(a) STM (STM2a) with the condition of 2 1 2 s sP T T    
 
(b) STM (STM2b) with the condition of 2 1 2 s sP T T   
Figure 6.4: Proposed STM (STM2) for beams with four point loads: (a) STM (STM2a) with 
the condition of 2 1 2 s sP T T  ; (b) STM (STM2b) with the condition of 2 1 2 s sP T T   
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The nodes in this model are assumed to be non-hydrostatic and the stress under the plate is 
considered to be uniform. It should be noted that the depth of the flexural compression zone 
at 
2P  depends upon the applied loading and can be calculated from equilibrium in terms of 
the flexural compressive stress
cntf . The other external node dimensions are fixed by the 
widths of the bearing plates 
bl  and the cover to the centroid of the tension reinforcement c 
(Figure 6.4). The internal node dimensions are calculated from considerations of geometry 
and equilibrium and depend upon the beam geometry, concrete strength and the area of shear 
reinforcement provided. 
The flexural compressive force in Figure 6.4 is subdivided into components
IIIC , IVC  and VIC  
which correspond to the horizontal components of force resisted by struts II, IV and VI. 
STM2a in Figure 6.4(a) is applicable when 
1 2 2s sT T P   in which case vertical equilibrium 
requires part of 
2P  to be transferred directly to the support through the concrete. The STM2a 
can be used as an alternative to STM1 in Figure 6.2(a) if 
1P  is small in comparison with 2P . 
Consequently, STM2a can be used to analyse beams S1-2 and S2-2 with two point loads if 
2 1/P P   is assumed to be large. STM2a ceases to be applicable when 1 2 2s sT T P   since 
the vertical component of force in strut VI is no longer sufficient to balance the force in the 
stirrups. In this event, STM2b of Figure 6.4(b) should be used. STM2b is valid when 
1 2 2s sT T P   since there is no longer any direct transfer of the load 2P  from its point of 
application into strut III. The node stress and geometry is shown in Figure 6.5. 
 
Figure 6.5: Node stresses and geometry 
In this STM,   is defined as the proportion of shear force resisted by Strut III.  is the 
proportion of total tensile force transferred by Strut III to bottom node, h is the beam height 
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as shown in Figure 6.4(a). The shear resistance 1 2 1 ) 1(RdV P P P k    is defined in terms of 
the tensile strength of the effective stirrups as follows: 
 
1
1
s
Rd
T
V



                                                                                                      (6.24) 
where 
RdV  is the vertical component of force in Strut III at shear failure and 1 (1 )s RdT V  
is the yield capacity of the effective stirrups within 
1va . 
The horizontal force ( T ) in the reinforcement at the bottom node is subdivided into the 
components resisted by struts III ( dT ) and VII (
'
iT ). Consideration of horizontal equilibrium 
at the bottom node leads to the following relationships which are subsequently used in the 
derivation of the governing equations of the STM: 
'
d iT T T                                                                                        (6.25) 
dT T                                                                               (6.26) 
'
1 coti sT T                                                                                      (6.27) 
'
1 cot
1 1
d s iT T T
 

 
 
 
                                                                     (6.28) 
1
cot cot
1
 
 
 
 
  
 
                                                                        (6.29) 
The failure load is the least of the resistances corresponding to flexural, shear and bearing 
failure. Shear failure is assumed to occur due to combined yielding of the stirrups and 
crushing of strut III at its bottom end. Bearing failure occurs if the bearing stresses exceed the 
EC2 design strengths of cdvf  and 0.85 cdvf at the loading and support plates respectively. No 
check is made of the bearing stress at the back of the bottom node as this is not required by 
EC2. Strut VII is fan shaped. Consequently, it is assumed to be adequate provided that the 
bearing stress at the bottom node does not exceed the EC2 limit of 0.85 cdvf for CCT nodes. 
Experimental justification is provided by the crack patterns which show strut VII to be 
uncracked. The shear resistance corresponding to crushing of strut III at its bottom end is 
given by:  
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 2sin sin 2 /Rd csb bV bf l c                                                                     (6.30) 
where csbf is the concrete strength of strut III at its bottom end. 
Then, the expression of coefficient  can be sort out by equation (6.28) and (6.30). 
2cot
 1
2  cot
bY Y l
c
 


 
                                                                       (6.31) 
where 
 
1
1
s
sb
T
Y
bf




                                                                                (6.32) 
The design strength at the bottom end of strut III is taken as 0.6csb ckf vf when using EC2 
and calculated as follows when using the approach of Collins et al. (Collins et al., 2008, CSA, 
2004, Cook and Mitchell, 1988). 
 1/ 0.8 170 0.85csb ck ckf f f                                                             (6.33) 
where  is a capacity reduction factor which is taken as 1.0 in the strength assessments of 
this work. The upper limit of 0.85cs ckf f is applicable to the ends of struts not crossed by 
tension ties and the flexural compressive zone. The principal tensile strain 1  is given by: 
  21 0.002 cotL L                                                                        (6.34) 
where L  is the strain in the tie which was calculated in terms of 
'
i dT T T  . 
The angles  and  can be defined geometrically as follows: 
 
1
1
0.5
cot
0.5 cot /  1
b
s cnt
e l
h T bf c


 


  
                                                      (6.35) 
 
  
1
1 1
0.5 1
cot
 ( cot 0.5 / 1 cot ) /     
b
s s cnt
a W l
h T T bf c


    
  

   
                                    (6.36) 
in which the dimension W is defined as the horizontal distance from 1P  to intersection of the 
centreline of strut III with the line of action of IIIC , see Figure 6.6. 
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(a) 2 1 2s sP T T                                                                (b) 2 1 2s sP T T   
Figure 6.6: Strut forces for calculation W: (a) 2 1 2s sP T T   ; (b) 2 1 2s sP T T   
The dimension W can be calculated from considerations of geometry and equilibrium. 
For the condition of 2 1 2 s sP T T  , see Figure 6.6(a): 
    
   
  1 21 2 2 1 2 2 1
1
1
0.5 1 1
( 1/ 1 ) 1 1
 
t s s
s s s
s
s
l T T
T T a a T e a
kT
W
T
 
   

   
         
 
   (6.37) 
For the condition of 2 1 2 s sP T T  , see Figure 6.6(b): 
   
 
2 11 1
1
e a
W
 
 
  


                                                                (6.38) 
where the dimensions 1e  and 2e define the positions of the centrelines of the stirrup forces 1sT  
and 2sT  as shown in Figure 6.4(a) and 2 1 /P P  .  
The geometry of the STM is fully defined once  , cot and csbf  are known. The shear 
resistance corresponding to crushing of strut III can be readily calculated using a nonlinear 
equation solver like the Generalised Reduced Gradient (GRG) solver in Microsoft Excel 
(Microsoft, 2014) or an iterative procedure like the following: 
1. Estimate , cot and csbf if the MCFT is being used. 
2. Calculate i  with equation (6.31) followed by cot i with equation (6.29) in terms of 
the current values of i  and cot i . Substitute cot i from equation (6.29) into the 
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right hand side of equation (6.35) to obtain
1cot i  . Use the bisection method or 
similar to find 
i  at which 1cot coti i   .  
3. Calculate 
1cot i  with right hand side of equation (6.36) using the current values of  
i , cot i , i  and cot i . 
4. Repeat steps 2 to 3 until cot  converges to the required tolerance in step 3.  
5. If using the MCFT, recalculate 
csbf  with equation (6.33) and repeat steps 2 to 4 until 
convergence occurs. 
6. Calculate the shear strength with equation (6.24).  
As discussed before, the failure of this STM can be at either the bottom of strut III or the top 
of strut II. It is therefore necessary to check the strength capacity at the top of strut II. The 
angles 1 and 2 which define the inclination of struts II and V to the horizontal can be 
calculated from geometry as follows: 
  
2 1 1 2 2
1
1 2 2 1 1
( 2
cot
( cot  0.5 cot 0.5 cot / (1 )) / 0.5 1 tan
)s s t
s s s cnt b
a a T T P l
h T T T bf a l c

       
  

       
 
   (6.39) 
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2 1
2
1 2 2 1
cot
( cot 0.5 cot ) / 0.5 1 tans s cnt b
e a
h T T bf a l c

    


     
                 (6.40) 
Assuming failure occurs at strut II top end, an inequality can be derived according to the 
horizontal force equilibrium, see equation (6.41). 
2
2 1
2 1
cos
sin / 1 cst cs
cnt
f
P bl f
f


 
  
 
                               `                                                    (6.41) 
If csf is assumed to equal cntf , equation (6.41) is equivalent to limiting the design bearing 
stress under the central loads 2P  to the flexural compressive stress of cntf . The STM was used 
to predict the strength of the five beams. The predictions for each shear span are summarised 
in Table 6.7 with the shear span in which failure occurred highlighted in bold. Generally, the 
STM2 provide a good estimation of the beam strengths with the MCFT predictions being 
most consistent. Unsurprisingly, both STM2-EC2 and STM2-MCFT significantly 
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underestimate the failure load of beam A-1 as other design equations. The relatively greater 
strength of beam A-1 compared with beams B3 is attributed to the provision of stirrups 
within the anchorage zone of the flexural reinforcement at each end of the beam and the 
compression reinforcement at the top of the beam neither of which is considered in the STM. 
As discussed in Section 6.3.3, STM2-EC2 can also be used to calculate /cal testP P for beams 
S1-2 and S2-2 with two point loads. The resulting values of /cal testP P were 0.96 and 0.82 
which are very similar to the predictions of 0.98 and 0.84 given by STM1-EC2 for beams S1-
2 and S2-2 respectively. Proposed STM2-MCFT also gives very similar predictions to 
STM1-MCFT for beams S1-2 and S2-2. 
Table 6.7: STM predictions for beams with four point loads 
Beam test
P  
[kN] 
/cal testP P  
STM2-EC2 STM2-MCFT 
L
+ R+ L+ R+ 
B3-25 480 1.36 1.21 1.05 1.00 
B3-50 580 1.29 1.19 0.89 0.88 
A-1 823 0.73 0.57 0.60 0.50 
S1-1 1000 0.82 0.65 0.82 0.70 
S2-1 1179 0.77 0.61 0.79 0.68 
 
Mean 1.06 0.92 0.89 0.81 
Note: + calculated for right (R)/left (L) shear span as defined in Figure 6.1 
6.3.4 Performance of existing design methods compared with STM 
The predictions of /cal testP P from EC2 (BSI, 2004), BS8110 (BSI, 1997), fib Mode Code 
2010 (fib, 2010), Zararis shear strength model (Zararis, 2003), Unified Shear Strength model 
(Kyoung-Kyu et al., 2007) and Two-Parameter theory (Mihaylov et al., 2013) are 
summarised in Table 6.8 for comparison with the predictions from STM-EC2 and STM-
MCFT. The concrete strength of each beams are shown in Tables 6.1 and 6.2. The mean 
concrete strengths of each beam were evaluated as shown in Appendix I. Overall, STM-
MCFT is seen to perform best for beams with and without shear reinforcement.  
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Table 6.8: Comparison and statistical analysis of different design methods 
Beam 
critical 
side 
P  
[kN] 
/cal testP P  
Test Flex. EC2ˠ 
BS 
8110 
fib Zara. Unif. 
Two 
Para. 
STM 
EC2 
STM 
MCFT 
Beams with single and two point loads 
B1-25 R 368 558 0.62 0.59 0.58 1.31 0.81 0.91 1.21 0.82 
B1-50 L 352 510 0.60 0.57 0.56 1.17 0.67 0.93 1.65 0.93 
B2-25 R 977 1001 0.51 0.48 0.29 1.39 0.65 1.25 0.80 0.83 
B2-50 L 929 942 0.49 0.46 0.29 1.19 0.61 1.26 1.09 0.93 
A-2 L 349 890 0.73 0.69 0.65 1.40 0.61 0.80 1.38 0.93 
S1-2 R 601 890 0.85 0.79 0.93 1.02 0.72 1.12 0.98 0.86 
S2-2 R 820 890 0.94 0.74 0.93 0.92 0.80 1.29 0.84 0.77 
Beams with four point loads 
B3-25 R 480 726 0.65 0.90 0.50 1.10 0.69 1.17 1.21 1.00 
B3-50 L 580 684 0.50 0.69 0.39 0.77 0.47 1.52 1.29 0.89 
A-1 R 823 1235 0.38 0.53 0.31 0.58 0.24 1.09 0.57 0.50 
S1-1 L 1000 1235 0.57 0.81 0.66 0.59 0.43 1.15 0.82 0.82 
S2-1 L 1179 1235 0.72 0.81 0.75 0.63 0.55 1.25 0.77 0.79 
Statistical analysis of /cal testP P  
First series of beams 
Mean 0.56 0.61 0.44 1.15 0.65 1.17 1.21 0.90 
COV % 13 26 30 19 17 19 23 8 
Second series of 
beams 
Mean 0.70 0.73 0.71 0.86 0.56 1.12 0.96 0.83 
COV % 29 15 33 38 36 15 26 8 
Beams without stirrups 
and 1/2 point loads 
Mean 0.59 0.55 0.47 1.29 0.67 1.03 1.23 0.89 
COV % 16 16 36 8 12 20 26 6 
All beams with four 
point loads
§ 
Mean 0.61 0.80 0.58 0.77 0.53 1.27 1.02 0.88 
COV % 16 11 28 30 22 13 26 11 
All beams with shear 
reinforcement 
Mean 0.77 0.79 0.82 0.79 0.62 1.20 0.85 0.81 
COV % 21 4 17 27 27 7 11 5 
All Beams (Actual 
failure side)
 § 
Mean 0.65 0.68 0.59 1.05 0.64 1.15 1.09 0.87 
COV % 22 21 37 27 16 18 26 8 
Note: 
§ 
beams except beam A-1; ˠ the limitation of flexural reinforcement ratio / 0.2l sA bd    
does not take into account. 
BS8110 gives reasonable results as well, especially for the beams with shear reinforcement, 
and is of comparable accuracy to the STM-MCFT but slightly more conservative. BS8110 
also provides acceptable results for the beams without shear reinforcement but is less 
consistent than EC2, in which a significantly greater ratio of /cal testP P is obtained for beams 
B3-25 and B3-50. The EC2 shear enhancement method is seen to be much less satisfactory 
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than BS8110 and fib Model Code 2010 for beams with shear reinforcement as it gives 
relatively high values of Pcal/Ptest for beams with two point loads but low values for beams 
with four point loads for which it predicts the same shear strength. fib Model Code 2010 
relates the shear resistance carried by concrete 
,Rd cV to the tensile reinforcement in the beams. 
It gives reasonable predictions for beams with shear reinforcement and significantly 
underestimates the strength for the beams without shear reinforcement, especially for beams 
B2-25 and B2-50. Table 6.8 also shows that the predictions of the STM-MCFT are less 
sensitive to the bearing plate width and concrete cover than those of the STM-EC2 which 
overestimates their influence. 
The Zararis and Unified Shear Strength model give reasonable predictions for beams with 
one and two point loads without shear reinforcement, but the Zararis model overestimates 
strength. Both the Zararis and Unified Shear Strength models provide the same failure loads 
for beams with two and four point loads even though the beams with four point loads are 
significantly stronger. The Two-Parameter model provides consistent predictions for beams 
with stirrups but tends to overestimate strength. 
6.3.5 Comparison with experimental evidence 
Figure 6.7 shows the STM geometry superimposed upon the crack pattern for each beam in 
series 1. The blue lines present the geometry of STMs and the red lines refers to the critical 
cracks in the beams. The crack patterns in Figure 6.7 are significant because they can be used 
to assess the effect of cracking on the strength of the direct struts. 
 
(a) Beam B1-25 
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(b) Beam B1-50 
 
(c) Beam B2-25 
 
(d) Beam B2-50 
 
(e) Beam B3-25 
 
(f) Beam B3-50 
Figure 6.7: The overlay of the STMs on crack pattern for first series of beams: (a) Beam B1-
25; (b) Beam B1-50; (c) Beam B2-25; (d) Beam B2-50; (e) Beam B3-25; (f) Beam B3-50 
Figure 6.8 shows that force equilibrium requires shear stresses to develop along skew cracks 
in struts. The shear stress along the critical shear crack is given by cr csf sin cos    , 
where csf is the compressive stress parallel to the central line of the strut.  is the angle 
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between the crack plane and direct strut. It should be noted that the actual shear stresses at 
each point along the critical shear crack is difficult to be estimate due to the irregularities 
profile of the crack. Hence, the mean shear stress (
cr ) have been calculated in terms of the 
average crack inclination.  
 
Figure 6.8: Force equilibrium at critical shear crack 
Based on the experimental evidence, the angle   between the average orientation of the 
critical shear crack and the direct strut ranged from 10° to 21° in the first series of beams. The 
average crack shear stress is plotted against  in Figure 6.9 for each beam of the first series. 
For the beams with four point loads, the average stress in strut III (see, Figure 6.4(a)) is 
calculated since the   is taken as the average orientation of the critical shear crack in strut III. 
 
Note: 0.6 22.4MPacs cdf vf   refer to Figure 6.8. 
Figure 6.9: Sensitivity of shear stresses at the crack ( cr ) to the angle   between centreline 
of direct strut and crack plane (First series of beams) 
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Figure 6.10 shows the STM geometry superimposed upon the crack pattern for the second set 
of beams. The crack patterns are seen to be broadly consistent with the flow of forces 
assumed in the STM. 
 
(a) Beam A-1 
 
(b) Beam A-2 
 
(c) Beam S1-1 
 
(d) Beam S1-2 
Shear Enhancement in Reinforced Concrete Beams                                Chapter 6 Analysis of Short Span Beams 
 
212 
 
 
(e) Beam S2-1 
 
(f) Beam S2-2 
Figure 6.10: The overlay of the STMs on crack pattern for first series of beams: (a) Beam A-1; 
(b) Beam A-2; (c) Beam S1-1; (d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
6.3.6 Parametric studies  
A series of parametric studies were carried out to gain further insight into the influences of
/va d , concrete cover, shear reinforcement ratio and bearing plate width on the shear 
resistances of beams with same geometry, flexural reinforcement and material properties as 
those tested by the author. The beams without shear reinforcement were identical to the first 
set whilst beams with shear reinforcement were similar to the second set apart from the 
stirrup area which was varied. The bearing plate widths were as shown in the right hand shear 
spans of Figures 4.1 and 4.2 for beams without and with shear reinforcement respectively. 
The flexural compressive stress was taken as  1 / 250ck cdf f  in all the analyses unless 
noted otherwise. The results of the analyses which are described below are presented in 
Figure 6.11 to 6.13 which also show the relevant data points from the authors‟ tests.  
Figures 6.11(a) and (b) show the influence of /va d on the shear resistance of beams without 
and with shear reinforcement respectively. The stirrup contribution to shear resistance in 
Figure 6.11(b) is the yield capacity of the effective shear reinforcement within va for STM1, 
/ * 126 s sw ydV A f d s kN  for BS8110 and  2 / * 252 s sw ydV A f d s kN   for EC2. Figure 
6.11(b) includes a data point for beam S1-1, with four point loads, since its failure plane was 
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the same as for a beam loaded with single point loads at / 0.86va d  . The STM1-EC2 shear 
resistances in Figure 6.11 were calculated assuming that the strength of the direct strut was i) 
 0.6 1 / 250ck cdf f at the bottom node and  1 / 250ck cdf f at the top node as in Table 6.8 
(STM1-EC2i) and ii)  0.6 1 / 250ck cdf f at each end (STM1-EC2ii). Figure 6.11(a) and (b) 
show that STM1-MCFT gives significantly better predictions of the influence of /va d on 
shear resistance of beams with and without shear reinforcement than STM1-EC2 i) or ii).  
The BS8110 design method is also seen to perform well although like EC2 it underestimates 
the influence of /va d  on the shear resistance of beams without shear reinforcement. Figure 
6.11(a) shows that STM1-EC2i overestimates the strength of beams B1-25 and B1-50 as well 
as the effect of cover. STM1-EC2ii gives much better strength predictions for beams B1-25 
and B1-50 but it significantly underestimates the strengths of beams B2-25 and B2-50. Both 
STM1-EC2 i) and STM1-MCFT are seen to predict an increase in shear resistance with cover 
whereas in fact the shear resistances of beams B1 and B2 marginally reduced which 
increasing cover. This suggests that failure may in fact be governed by failure of the direct 
strut at the top node but STM1-MCFT seems adequate for practical purposes. 
Figure 6.11(b) shows that STM1-EC2 ii), in which the strength of the direct strut is limited to 
 0.6 1 / 250ck cdf f at each end, significantly underestimates shear resistance. This is the 
case because the direct strut disappears for /va d greater than around 1.5 after which the 
failure load has been calculated assuming the stirrups yield. Figure 6.11(b) also shows that 
the EC2 sectional design method falsely predicts the shear resistance to be independent of 
/va d  since 1.5 /sw ydV A f d s governs.  
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(a) Influence of /va d on shear resistance of two point loading beams without shear 
reinforcement 
 
(b) Influence of /va d on shear resistance of two point loading beams with shear 
reinforcement 
Figure 6.11: Influence of /va d  on shear resistance of two point loading beams: (a) No shear 
reinforcement (Series 1: fck = 45.7 MPa; unless noted 25 mm cover); (b) 
  1. 6/ 5sw y vA f ba Mpa  =1.56 MPa (Series 2: fck = 33.4 MPa) 
Figure 6.12(a) and (b) illustrate the influence of shear reinforcement on the shear resistance 
of beams with loading arrangements -1 and -2 respectively. The BS8110 and STM-MCFT 
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predictions are seen to be reasonable for both loading arrangements with the STM giving 
slightly greater yet conservative strengths. The EC2 STMs perform less well. The EC2 
sectional design method underestimates the benefits of low amounts of shear reinforcement 
and becomes increasingly conservative as the area of shear reinforcement is increased. 
 
(a) Influence of stirrups ratio /sw yd v ckA f ba f on shear resistance of series 2 beams with four 
point loads  
 
(b) Influence of stirrups ratio /sw yd v ckA f ba f on shear resistance of series 2 beams with two 
point loads 
Figure 6.12:  Influence of stirrups ratio /sw yd v ckA f ba f on shear resistance of series 2 beams: 
(a) Beams with four point loads; (b) Beams with two point loads 
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Figure 6.13(a) and (b) indicate the influence of support width on the shear strengths given by 
STM1 and STM2 for the beams.  100bl  corresponds to shear failure in the right hand shear 
span of the tested beams while  200bl  corresponds to shear failure in the left hand shear 
span of the tested beams as defined in Figure 4.2.  
 
(a) Influence of bearing plate width on STM predictions of series 2 beams with four point 
loads 
 
(b) Influence of bearing plate width on STM predictions of series 2 beams with two point 
loads 
Figure 6.13:  Influence of bearing plate width on STM predictions of series 2 beams: (a) 
Beams with four point loads; (b) Beams two point loads. 
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All the STM predict the shear strength to increase with support width with the EC2 STMs 
giving the greatest increase. It should be noted that beams A-2, S1-1 and S2-1 failed on the 
side of the widest support. Therefore, it appears that the STM overestimate the influence of 
support width. The STM-MCFT is preferred since its predictions are always safe, unlike the 
predictions of STM1-EC2i for beams without shear reinforcement. 
6.4 NLFEA of short span beams 
6.4.1 General aspects 
The numerical analysis was carried out using a PC with 3.33GHz Intel (R) Core ™ i5 CPU 
and 4GB installed memory, which was adequate to ensure that the DIANA 9.4.3 software ran 
favourably. DIANA allows multiple FE programs to run simultaneously, which significantly 
improves analysis efficiency. However, in order to ensure computer‟s processing speed, a 
maximum number of 3 programs are allowed to be run simultaneously.  
Nonlinear finite element analysis (NLFEA) was carried out to simulate the structural 
performance of the tested beams. The FE results are compared with the experimental results 
and are used to assess the validity of the assumptions made in the strut-and-tie model. The 
NLFEA was carried out using the procedure described in Chapter 3.  
This section begins with a brief description of the adopted non-linear finite element models. 
The results of the NLFEA are presented for both 2D and 3D models. The presented results 
include vertical displacements, crack patterns, beam deflections, stress and strain. 
Subsequently a parametric study is carried out to investigate the effect of varying concrete 
compressive and tension softening models, shear retention factor, reinforcement element, 
loading plate definition and mesh density. The FE results are compared with the STM 
predictions. 
6.4.2 Description of Non-linear Finite Element Models 
All the beams were modelled with an orthogonal grid of elements as shown in Figure 6.14 for 
beam S1-1. 8-node quadrilateral plane stress elements were used for the 2D modelling, while 
20-nodes cubic solid elements were used for the 3D modelling. A pressure load was 
uniformly applied to the top edge of the bearing plates in the 2D modelling and the top 
surface of a bearing plate in the 3D modelling. The loading was controlled by force in all 
beams as in the experimental work. The disadvantage of force control is that the post failure 
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behaviour cannot be simulated. However, the main objectives of this FE analysis are to 
compare the measured and predicted response of the beam up to failure. Full details of the 
NLFEA procedure are given in Chapter 3. 
 
(a) 2D modelling  
 
(b) 3D modelling  
Figure 6.14: Finite element mesh and boundary conditions of beam S1-1: (a) 2D modelling; 
(b) 3D modelling 
The support conditions of the beam were simulated by restraining the beam as shown in 
Figure 6.14. In 3D modelling, the bearing plates were also restrained in the out-of-plane 
direction as shown in Figure 6.14(b). The material properties used in the simulation are 
summarized in Table 6.9. The properties are based on the measured concrete compressive 
strengths which are given in Section 5.2.1. The Young‟s modulus (Ec) was calculated with 
the EC2, using equation (6.42). The tensile strength (ft) was calculated with equation (6.43), 
as recommended by Bresler and Scordelis (1963) for the NLFEA of shear failure in beams. 
The Poisson‟s ratio of concrete was assumed to be zero as explained in Chapter 3. The 
Poisson‟s ratio of reinforcement was taken as 0.3. The elastic modulus and yield strength of 
the reinforcement were obtained experimentally. The steel loading plates were modelled as 
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elastic with perfect plasticity. Gf is the fracture energy of concrete which was calculated with 
equation (3.13) in Chapter 3. 
0.3
8
22  
10
ck
c
f
E
 
  
 
                                                                              (6.42) 
0.50.33t cf f                                                                            (6.43) 
Table 6.9: Material properties in the NLFEA of tested beams 
Beams 
'
cf  
[MPa] 
tf  
[MPa] 
cE  
[MPa] 
sE  
[GPa] 
fG  
[N/mm] 
Yield strength of steel [Mpa] 
Long.-Bot. Long.-Top Stirrups 
B1-25 45.7 2.23 36426 200 0.085312 520 - - 
B1-50 45.7 2.23 36426 200 0.085312 520 - - 
B2-25 45.7 2.23 36426 200 0.085312 520 - - 
B2-50 45.7 2.23 36426 200 0.085312 520 - - 
B3-25 45.7 2.23 36426 200 0.085312 520 - - 
B3-50 45.7 2.23 36426 200 0.085312 520 - - 
A-1 33.1 1.90 33613 200 0.070722 560 540 540 
A-2 34.6 1.94 33971 200 0.072493 560 540 540 
S1-1 33.7 1.92 33767 200 0.071483 560 540 540 
S1-2 36.0 1.98 34321 200 0.074246 560 540 540 
S2-1 35.2 1.96 34122 200 0.073247 560 540 540 
S2-2 36.7 2.00 34468 200 0.074992 560 540 540 
The concrete behaviour was modelled in compression with a parabolic stress-strain model as 
described in Section 3.2.2. The post cracking tensile resistance was modelled using the 
Hordijk model as described in Section 3.3.2. A shear retention factor of 0.25 was adopted for 
2D modelling and 0.07 for 3D modelling as discussed in Section 3.4.3. The solution 
procedure is described in Section 3.6. 
6.4.3 Results of 2D NLFEA 
The beams were modelled with 8 node quadrilateral CQ16M plane stress elements. The 
reinforcement was modelled with embedded bars as described in Section 3.5.3. 
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Load-displacement response 
Figure 6.15 and 6.16 compare the load displacement response of the first and second series 
beams respectively. Both the fixed crack model and rotating crack model were applied to 
simulate the crack behaviour to be compared with experimental results. Overall, the fixed 
crack model provides the best predictions, particularly for beams without stirrups where only 
the strength of B3-25 is overestimated. The NLFEA gives less accurate results for the beams 
with stirrups, especially for the beams with four points loading (i.e. A1-1, S1-1 and S2-1). 
The underestimate of strength appears to be due to localised concrete crushing adjacent to the 
ends of the loading plates where the concrete strength is enhanced by confinement which is 
not simulated in the 2D analysis. One possible solution to this problem is to enhance the 
concrete strength locally in that area, as discussed in Section 3.8, which is adopted in 2D 
modelling as shown in Figure 6.15 and 6.16. Prior to cracking the predicted responses very 
good agreement is obtained between the measured and predicted responses. After cracking, 
the rotating crack model gave a stiffer response for beams with two point loads than the 
models with fixed crack model. This pattern was reversed for beams with four point loads 
where the rotating crack response was stiffer after cracking. It is also worth mentioning that 
the NLFEA consistently underestimated the deflection under the peak load.  
 ` 
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(c) Beam B2-25                                                     (d) Beam B2-50 
  
(e) Beam B3-25                                                     (f) Beam B3-50 
Figure 6.15: Load-deflection response predicted by 2D NLFEA for first series of beams: (a) 
Beam B1-25; (b) Beam B1-50; (c) Beam B2-25; (d) Beam B2-50; (e) Beam B3-25; (f) Beam 
B3-50 
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 (a) Beam A-1                                                      (b) Beam A-2 
 
 (c) Beam S1-1                                                    (d) Beam S1-2 
 
  (e) Beam S2-1                                                     (f) Beam S2-2 
Figure 6.16: Load-deflection response predicted by 2D NLFEA for second series of beams: (a) 
Beam A-1; (b) Beam A-2; (c) Beam S1-1; (d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
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Compressive stresses in the Beams 
Figure 6.17 and 6.18 show the principal stresses from the NLFEA superimposed on the STMs 
and the observed crack patterns for each beam. Dark shades represent high principal 
compressive stresses where crushing is mostly like to occur. There is a notable that the 
difference in stress distributions under the loading plates assumed in STM and FE models. 
The stress is assumed to be uniform in the STM. This is not the case for the NLFEA as shown 
in Figure 6.17 and 6.18, which show stress concentrations at the edges of the loading plates 
where there is a re-entrant corner in the finite element mesh. This concentration of stresses 
predicted in NLFEA depends on the stiffness of the loading plate and the cracking model 
adopted for concrete. Figures 6.17 and 6.18 show that the flow of principal compressive 
stress closely follows the strut orientations assumed in the STM. 
 
(a) Beam B1-25 
 
(b) Beam B1-50 
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(c) Beam B2-25 
 
(d) Beam B2-50 
 
(e) Beam B3-25 
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(f) Beam B3-50 
Figure 6.17: Superposition of principal compressive stresses from NLFEA and observed 
crack pattern onto STM for first series of beams: (a) Beam B1-25; (b) Beam B1-50; (c) Beam 
B2-25; (d) Beam B2-50; (e) Beam B3-25; (f) Beam B3-50 
 
(a) Beam A-1 
 
(b) Beam A-2 
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(c) Beam S1-1 
 
(d) Beam S1-2 
 
(e) Beam S2-1 
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(f) Beam S2-2 
Figure 6.18: Superposition of principal compressive stresses from NLFEA and observed 
crack pattern onto STM for first series of beams: (a) Beam A-1; (b) Beam A-2; (c) Beam S1-
1; (d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
Tensile strains in shear reinforcement 
Figure 6.19 shows that stirrups of the critical shear span were predicted to yield prior to 
failure in the NLFEA as observed in the tests and assumed in the STM. The position of the 
maximum stresses in the NLFEA (the red areas in Figure 6.19) corresponds to the locations at 
which the stirrups were crossed by the critical shear crack. 
 
(a) Beam S1-1 
 
(b) Beam S1-2 
PFE=760kN; Ptest=1000kN 
PFE=625kN; Ptest=601kN 
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(c) Beam S2-1 
 
(d) Beam S2-2 
Figure 6.19: Simulation of vertical shear reinforcement in 2D: (a) Beam S1-1; (b) Beam S1-2; 
(c) Beam S2-1; (d) Beam S2-2 
Figures 6.20 (a) and (b) compare the measured and predicted strains over the height of the 
stirrups in beam S1-2 at 400kN and 550kN. Good agreement between NLFEA and 
experimental data is observed. In each case, the strain distribution has a maximum value 
where the critical crack crosses the stirrups. A significant increment in the stirrup strain is 
observed in both NLFEA and experimental data when the loading increases from 400kN to 
550kN. As previously described in Chapter 3, perfect bond is assumed to exist between the 
concrete and steel in the NLFEA. In addition, the concrete tensile behaviour is simulated by 
Hordijk softening model, in which the residual tension is adopted after cracking. Despite 
these approximations, the predictions are reasonable and from a practical viewpoint there 
seems no need to introduce interface elements to model bond between the reinforcement and 
concrete. 
PFE=825kN; Ptest=1179kN 
PFE=656kN; Ptest=820kN 
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(a) Variation of strains at different height of the stirrups in critical shear span of beam S1-2 
(P=400kN; ,ult FEP  =625kN) 
 
(b) Variation of strains at different height of the stirrups in critical shear span of beam S1-2 
(P=550kN; ,ult FEP  =625kN) 
Note: failure load for beam S1-2 is 601kN 
Figure 6.20: Variation of strains at different height of the stirrups for Beam S1-2: (a) 
P=400kN; (b) P=550kN 
Tensile strains along the flexural reinforcement 
The reinforcement is modelled with embedded elements using a von Mises perfectly plastic 
material. The tensile strain in the flexural reinforcement for beams A-1 and S1-1 are shown in 
Figure 6.20(a) and (b) respectively along with the experimental data obtained from the strain 
gauges at the same locations. Good agreement is observed between the measured and 
predicted reinforcement strains. It should be noted that the results plotted in Figure 6.20 are 
for the bottom layer of reinforcement. 
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(a) Longitudinal reinforcement strain in beam A-1 
 
(b) Longitudinal reinforcement strain in beam S1-1 
Note: The lengths given in the inset refers to the distance from the centre of the beams. 
Figure 6.21: Comparison of numerical and experimental tensile strains in the bottom layer of 
flexural: (a) Beam A-1; (b) Beam S1-1 
The tensile strain along the flexural reinforcement in the beams without stirrups is assumed to 
be constant in the proposed STM as shown in Figure 6.22(a). A mild gradient in the tensile 
strains was observed in both the experimental data and NLFEA results, especially within the 
distance of 500mm from the centre of beams. The results obtained from NLFEA are slightly 
lower than the strain gauge readings. In the beams with stirrups, the STM predicts the 
reinforcement strains to vary as shown in Figure 6.22(b). The variation in strain depends on 
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the spacing of shear reinforcement. The NLFEA gave similar predictions to experimental 
results as shown in Figure 6.22(b).  
 
(a) Comparison of predicted and experimental tensile strains along the flexural reinforcement 
in Beam A-1 
 
(b) Comparison of predicted and experimental tensile strains along the flexural reinforcement 
in Beam S1-1 
Figure 6.22: Comparison of predicted and experimental tensile strains along the flexural 
reinforcement: (a) Beam A-1; (b) Beam S1-1 
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6.4.4 Results of 3D NLFEA 
The previous section shows that 2D modelling provides a reasonable representation of the 
performance of the tested beams. However, the influence of confinement to the adjacent 
loading area could not be modelled realistically. As a result, 3D modelling is adopted to 
address this issue and for comparison with the results obtained from 2D modelling. The main 
difference between 2D and 3D modelling is the type of element used in the analysis. Plane 
stress 8-node elements are adopted in the 2D modelling and solid 20-node elements in the 3D 
modelling. The use of the 8-node solid element was also investigated in the 3D work, but less 
accurate results were obtained as discussed in this section. The results from the fixed crack 
and rotating crack models were similar since there was no significant rotation of the critical 
shear crack. In 3D analysis, only the results modelled by fixed crack model are presented 
here. The compressive behaviour is modelled with a parabolic stress strain relationship and 
the tension softening behaviour is modelled with the Hordijk model as for the 2D analysis. 
Beams loading against vertical deflection diagrams 
The load deflection curves obtained from 3D analysis are presented in Figures 6.23 and 6.24 
which also show the results obtained from 2D analysis. All the NLFEA results were obtained 
using the fixed crack model. It should be noted that the element strengths of adjacent loading 
plates were enhanced in the 2D but not 3D analysis. The results obtained from 3D analysis 
are generally no better than those obtained with 2D analysis as shown in Figure 6.23 and 6.24 
suggesting that the enhancement of concrete strength in adjacent loading areas in 2D 
modelling is reasonable.  
  
(a)  Beam B1-25                                                  (b) Beam B1-50 
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(c) Beam B2-25                                                     (d) Beam B2-50 
 
(e) Beam B3-25                                                   (f) Beam B3-50 
Figure 6.23: Comparison of 2D and 3D modelling in the first series of beams: (a) Beam B1-
25; (b) Beam B1-50; (c) Beam B2-25; (d) Beam B2-50; (e) Beam B3-25; (f) Beam B3-50 
  
(a) Beam A-1                                                        (b) Beam A-2 
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(c) Beam S1-1                                                       (d) Beam S1-2 
  
(e) Beam S2-1                                                      (f) Beam S2-2 
Figure 6.24: Comparison of 2D and 3D modelling in the first series of beams: (a) Beam A-1; 
(b) Beam A-2; (c) Beam S1-1; (d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
Compressive stresses in the Beams 
Figures 6.17 and 6.18 show that the principal compressive stress contours obtained with 2D 
analysis are consistent with the geometry of the STMs. The principal compressive stresses of 
the beams (i.e. Beam B1-25, S1-1 and S1-2) in 3D were superimposed on the STMs as shown 
in Figure 6.25. The sections shown are taken at the surfaces of the beams. There is no clearly 
defined stress flow in the 3D analyse unlike in the 2D analyse. One possible reason could be 
that the stresses in the 3D analyse are distributed through the thickness of the beams unlike 
the 2D modelling where the stresses are uniform through the member thickness. 
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(a) Beam B1-25 
 
(b) Beam S1-1 
 
(c) Beam S1-2 
Figure 6.25: Superposition of principal compressive stresses from NLFEA and observed 
crack pattern onto STM: (a) Beam B1-25; (b) Beam S1-1; (c) Beam S1-2 
A stress concentration occurs at the edge of the loading plates in 2D modelling without 
concrete strength enhancement as shown in Figure 6.26 (a). However, this is not the case for 
3D analysis, refer to Figure 6.26 (b), in which no significant stress concentrations occurs. 3D 
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modelling also has the advantage of modelling the increasing in concrete strength due to 
confinement unlike 2D modelling. 
              
(a) Stress pattern in 2D                                         (b) Stress pattern in 3D  
Note: the stress pattern in (a) is without element strength enhancement 
Figure 6.26: Stress pattern adjacent to the loading plate in beam S1-2 
Tensile strains in shear reinforcement 
Figure 6.27 shows the stresses from the 3D analysis along the shear reinforcement in the 
critical shear span of beams S1 and S2. As with 2D analysis, the stirrups yield in 3D 
( 540ydf Mpa ) as observed experimentally and assumed in the STM. 
 
(a) Beam S1-1 
 
(b) Beam S1-2 
Stress concentration 
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(c) Beam S2-1 
 
(d) Beam S2-2 
Figure 6.27: Simulation of vertical shear reinforcement in 3D: (a) Beam S1-1; (b) Beam S1-2; 
(c) Beam S2-1; (d) Beam S2-2 
Figure 6.28 shows the variation in strain over the height of the stirrups as obtained in the 2D 
and 3D NLFEA. It should be noted that the 3D results are the mean values from two legs of 
the stirrups at the same height. Good agreement is observed between the 2D and 3D results. 
 
(a) Variation of strains at different heights of the stirrups for Beam S1-2 (P=400kN) 
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(b) Variation of strains at different heights of the stirrups for Beam S1-2 (P=550kN) 
Figure 6.28: Comparison of 2D and 3D analysis for the strain at different heights of the 
stirrups for beam S1-2: (a) P=400kN; (b) P=550kN 
Tensile strains along the flexural reinforcement 
As previously described, the longitudinal reinforcement is simulated with embedded elements 
using a von Mises perfectly plastic material. Figures 6.29 (a) and (b) compare the flexural 
reinforcement strains obtained from 2D and 3D analysis for beams A-1 and S1-1. The 3D 
analysis gives slightly lower values than observed for both beams A-1 and S-1. The same 
pattern occurred in the rest of the beams. Although the results from 3D are less accurate than 
2D modelling, the deviation is less than 10%. Hence, the reinforcement modelling in 3D is 
considered acceptable for practical purposes. 
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(b) Beam S1-1 
Note: The number followed by NLFEA is presented the distance along flexural reinforcement 
measured from the central of beams 
Figure 6.29: Comparison of tensile strain in flexural reinforcement in 2D and 3D: (a) Beam 
A-1; (b) Beam S1-1 
6.4.5 NLFEA results and comparison with STMs 
The failure loads obtained from NLFEA in 2D and 3D are shown in Table 6.10 which also 
gives the results calculated with STM. In addition, a comprehensive statistical analysis is 
made between these numerical and analytical approaches as shown in Table 6.11. 
Table 6.10 also shows the ratio of predictions to experimental results. Due to numerical 
difficulties, some of the beams modelled by the total rotating crack model stopped 
prematurely (i.e. Beam B2-25, A-1 and S1-1 in NLFEA-ROT). Generally, the predictions 
obtained from NLFEA-FIX were better than those obtained from NLFEA-ROT, particularly 
for 3D modelling. Some predictions of the 2D predictions (strength enhanced adjacent 
loading plates) were unsafe for both the fixed and rotating crack models. Table 6.11 shows 
that the STM provides good predictions for the tested beams with the MCFT predictions 
being most accurate. The NLFEA also gives good predictions, particularly when using the 
total strain fixed crack model. The fixed crack model in 2D gave particularly good strength 
predictions for the beams without stirrups and one or two point loads. The covariation of 
these beams is 5% which is even better than the results obtained from STM-MCFT 
(COV=6%). It should be noted that the NLFEA-ROT in 2D provided a good estimates for the 
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beams with stirrups as shown in Table 6.11. Overall, the STM-MCFT provided the best 
predictions for the tested beams, followed by NLFEA-FIX. Hence, it can be concluded that 
the results obtained from STM are the most reliable. 
Table 6.10: Comparison of NLFEA results and STM results 
Beams 
Test 
[kN] 
/cal testP P  
STM-EC2 STM-MCFT 
NLFEA in 2D NLFEA in 3D 
Tot. Fix Tot. Rot Tot. Fix Tot. Rot 
Beams with single and two point loads 
B1-25 368 1.21 0.82 1.01 1.26 0.96 1.04 
B1-50 352 1.65 0.93 1.02 1.05 0.94 0.95 
B2-25 977 0.80 0.83 0.96 0.96 0.78 0.58† 
B2-50 929 1.09 0.93 0.95 0.88 0.83 0.66 
A-2 349 1.38 0.93 1.06 0.87 0.99 1.09 
S1-2 601 0.98 0.86 1.04 0.76 0.98 0.79 
S2-2 820 0.84 0.77 0.80 0.74 0.85 0.65 
Beams with four point loads 
B3-25 480 1.21 1.00 1.27 0.86 1.00 0.91 
B3-50 580 1.29 0.89 0.94 0.67 1.01 0.79 
A-1 823 0.57 0.50 0.78 0.54† 0.75 0.54† 
S1-1 1000 0.82 0.82 0.76 0.70 0.72 0.57† 
S2-1 1179 0.77 0.79 0.70 0.62 0.74 0.50 
Note: † for the prematurely stopped 
Table 6.11: Statistical analysis of /cal testP P in NLFEA and STM 
Beams Method 
STM-
EC2 
STM-
MCFT 
NFEA in 2D NFEA in 3D 
Tot. Fix Tot. Rot Tot. Fix Tot. Rot 
First series of beams 
Mean 1.21 0.90 1.02 0.95 0.92 0.82 
COV % 23 8 12 21 10 22 
Second series of beams 
Mean 0.96 0.83 0.86 0.70 0.84 0.69 
COV % 26 8 18 16 15 32 
All beams without shear 
reinforcement and 1/2 
point loads 
Mean 1.23 0.89 1.00 1.00 0.90 0.86 
COV % 26 6 5 16 10 27 
All beams with shear 
reinforcement 
Mean 0.85 0.81 0.83 0.70 0.82 0.63 
COV % 11 5 18 9 15 20 
All beams (Actual 
failure side) 
§ 
Mean 1.09 0.87 0.96 0.85 0.89 0.78 
COV % 26 8 17 22 12 26 
Note: 
§
 All beams except beam A-1 
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6.4.6 Additional NLFEA parametric studies 
The NLFEA provides reasonable predictions of the observed response of the tested beams as 
described previously. The accuracy of this approach is highly dependent on the chosen 
concrete constitutive models and choice of various user defined parameters. The details of the 
adopted concrete compressive and tensile constitutive models, finite element procedures are 
described in Chapter 3 where the shear retention factor, reinforcement modelling, loading 
plate modelling are also discussed. In this section, additional parameters such as the 
compressive fracture energy, mesh size and element type are assessed. 
Compressive fracture energy  
As described in Chapter 3, the compressive fracture energy cG  is an important parameter in 
the definition of the concrete compressive behaviour in NLFEA. There is little consensus on 
the value of this parameter. Generally, cG is considered to be a multiple of the tensile fracture 
energy
fG . Feenstra concluded that cG should be taken as 50 or 100 times fG (Feenstra, 
1993). On the other hand, Majewski et al (Majewski et al., 2008) concluded that a significant 
overestimation of the ductility will be obtained if cG is defined as 100 fG . Moreover, 
Pimentel (Pimentel, 2004) suggested that more accurate results can be obtained if cG is taken 
as 200
fG . In this work, three definitions of cG (i.e. 50 fG , 100 fG  and 200 fG ) were 
considered in the NLFEA. The results are shown in Figure 6.30 which shows that the 
predicted responses were relatively insensitive to cG  which is taken as 100 fG  in the current 
work as adopted by Sagaseta (2008). 
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Figure 6.30: The influence of compressive fracture energy cG on the predicted response of the 
beam B1-50 
Mesh size 
In this work, the main mesh size adopted was 50×50mm for 2D modelling and 50×50×50mm 
for 3D modelling, see Figure 6.14. In addition, a finer (25×25mm) and a coarser mesh 
(100×100mm) were assessed to investigate the influence of mesh size on the predicted 
response. Figure 6.31 shows that the results converged with increasing mesh fineness and that 
the estimated failure capacity increased with decreasing mesh density. A much stiffer 
response in the pre-damage stage was observed with the coarser mesh. This was due to 
discretisation errors which delayed the crack initiation and then in varying crack propagations. 
The computational efficiency was found to reduce significantly with increasing mesh density. 
Therefore, a mesh dimension of 50mm was adopted in this research because the results given 
are similar to those of the finer mesh and the running time is significantly shorter. 
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Figure 6.31: The influence of mesh size on the predicted response of beam A-2 
Element type 
8-node plane stress elements CQ16M and 20-node isoparametric solid element CHX60 were 
adopted in 2D and 3D modelling respectively in this work. These elements are high order 
elements in which additional intermediate nodes are located along the boundaries of the 
element. In order to validate the influence of different elements, lower order 4-node plane 
stress element Q8MEM and 8-node solid element HX24L were evaluated as shown in Figure 
6.32. It should be noted that the low order elements was sized to 25mm and high order 
element was sized to 50mm in Figure 6.32 to make sure all types of elements be compared 
with the same number of nodes. Stiffer responses and higher failure loads were obtained from 
the lower order elements in both 2D and 3D analyses. Reducing the element order delayed 
initial cracking and caused different crack patterns as shown in Figure 6.33. 
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Figure 6.32: The influence of element types on the predicted response of beam S1-2 (element 
size =50mm) 
   
(a) 8-node element in 2D                                     (b) 4-node element in 2D 
  
(c) 20-node element in 3D                                   (d) 8-node element in 3D 
Note: the crack patterns are at the loading of 590kN ( 601ultP kN ) 
Figure 6.33: The crack pattern of beam S1-2 with different types of elements: (a) 8-node 
element in 2D; (b) 4-node element in 2D; (c) 20-node element in 3D; (d) 8-node element in 
3D 
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6.5 Consideration of shear stresses transmitted through the main 
shear crack 
6.5.1 General aspects 
Shear is resisted in reinforced concrete beams through aggregate interlock, dowel action, 
shear reinforcement and the flexural compression zone. The amount of shear resisted by each 
action is significantly influenced by the crack pattern and relative crack displacements. The 
proportion of shear transferred by each action has been the subject of controversy to 
researchers over the past few decades. Fenwick and Paulay (Fenwick and Paulay, 1968) were 
amongst the first to investigate various shear actions by testing a series of precracked 
specimens under varied configurations. Other researchers have focused on the development 
of physical and theoretical models for shear actions under specific failure mechanisms. In 
order to investigate the shear transfer in short span beams, a number of measurements were 
used to measure the crack pattern and other related information. Based on experimental 
evidence, several available physical and theoretical models were adopted to estimate the 
amount of shear transferred by each action with increasing load. A comprehensive 
comparison was subsequently made between the specimens to investigate the influence of the 
crack kinematics on shear resistance.  
6.5.2 Experimental evidence 
A large number of investigations have shown that the load carrying capacity of concrete 
structures without stirrups strongly depends on the transmission of shear stresses across 
cracks through aggregate interlock. This contribution depends on the crack opening and 
sliding displacements. All the beams tested in this programme failed in shear. The detailed 
kinematics of each specimen is described in Sections 5.3.2 and 5.4.2. It should be noted that 
even though most of the beams failed in shear, their crack kinematics were different.  
The kinematics of the critical shear cracks, at the points of maximum width, is illustrated in 
Figures 6.34(a) and (b) for beams with two and four point loads respectively. The dotted lines 
represent the crack displacements subsequent to the application of the peak load. Figure 
6.34(a) shows that the ratio between the crack opening and sliding displacements ( /w s ) at 
the peak load was approximately 3 in the B1 beams and 2 in beams A-2, S1-2 and S2-2 with 
twice amount of flexural reinforcement. Figure 6.34 (b) shows that crack sliding was most 
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dominant in the beams with four point loads where /w s reduced from an initial value of 
approximately 2 to 1.5 at peak load. With the exception of beams A-1 and A-2, the sliding 
displacement at the peak load was generally greater at failure in the beams with four point 
loads than in the beams with two point loads. These observations suggest that aggregate 
interlock made the greatest contribution to the shear resistance of the beams with four point 
loads possibly due to the steeper orientation of the critical shear crack. This suggestion is 
investigated numerically in Section 6.5.3. 
 
(a) Beams with two point loads 
 
(b) Beams with four point loads 
Figure 6.34: Critical shear crack kinematics in beams: (a) beams with two point loads; (b) 
beams with four point loads 
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Figure 6.35 shows the displacements of the critical shear crack in the second set of tests. Only 
one half of each beam is drawn. The crack displacements were derived from demec readings 
using the procedure described by Campana et al. (Campana et al., 2013). The crack opening 
and sliding displacements are shown as vectors in Figure 6.35 following the convention of 
Campana et al. (Campana et al., 2013). The crack opening and sliding are given by the 
displacements normal and parallel to the crack direction as indicated in Figure 6.35(c). The 
changing gradient of the vectors in Figure 6.35 indicates that the ratio of crack sliding (s) to 
crack opening (w) increased as the load was increased to failure. Figure 6.35 also shows that 
the width of the critical shear cracks was reasonably uniform along the greater part of their 
length. Although not shown for clarity, the crack widths reduced significantly at the level of 
the flexural reinforcement where the crack width was around 30% of its maximum value in 
beams A-1, S1-1 and S2-1, 17% in beam S1-2 and 10% in beams A-2 and S2-2. These 
observations seem broadly consistent with the kinematic model of Mihaylov et al. (Mihaylov 
et al., 2013) and the crack width measurements of Campana et al. (Campana et al., 2013). 
 
   (a) Beam A-2                                                   (b) Beam A-1 
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(c) Beam S1-1                                                   (d) Beam S1-2 
 
(e) Beam S2-1                                                   (f) Beam S2-2 
Figure 6.35: Crack kinematics in critical shear spans of beams a) Beam A-2, b) Beam A-1, c) 
Beams S1-1, d) Beam S1-2, e) Beam S2-1 and f) Beam S2-2 
Figure 6.36 compares the measured and predicted deformed shapes of the second series of 
beams. The predicted response is based on the Two-Parameter kinematic theory proposed by 
Mihaylov et al. (2013). The displacements were calculated in terms of average strain in the 
bottom reinforcement ,t avg  and the vertical displacement of the critical loading zone as 
discussed in Section 2.4.3. The solid lines in Figure 6.36 represent the initial positions of the 
beams while the dashed lines represent the observed deformation which was obtained 
photographically. The predicted deformed beam shape is represented by the grey circles. 
Figure 6.36 shows good agreement between the measured and predicted deformed shapes. 
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(a) Beam A-2                                                 (b) Beam A-1 
  
(c) Beam S1-1                                                 (d) Beam S1-2 
 
(e) Beam S2-1                                                (f) Beam S2-2 
Figure 6.36: Comparisons of predicted and observed deformed shapes: (a) Beam A-2; (b) 
Beam A-1; (c) Beam S1-1; (d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2  
6.5.3 Analysis of shear transfer actions in beams  
Figure 6.37 shows the forces acting on the free body defined by the critical shear crack for 
beams with and without shear reinforcement. 
 
(a) Beam A-1 (four point loads; without stirrups) 
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(b) Beam S1-2 (two point loads; with stirrups) 
Figure 6.37: Force acting on the free body defined by the critical shear crack: (a) Beam A-1 
(four point loads; without stirrups); (b) Beam S1-2 (two point loads; with stirrups) 
Aggregate interlock action 
Four crack dilatancy models were used to analyse shear transfer through the critical diagonal 
crack of each beam. The models used are the linear aggregate interlock method (Walraven 
and Reinhardt, 1981), the Hamadi and Regan method (Hamadi and Regan, 1980), the rough 
crack model (Gambarova and Karakoc, 1983) and the simplified contact density method of Li 
et al.(Li et al., 1989). A full description of these models is given in Section 2.2.2. Of the 
models considered, the first two models are developed from a regression analysis of 
experimental results whereas the last two are based on theoretical considerations. Figure 6.38 
shows the shear contribution from aggregate interlock as assessed by the aforementioned 
models. The crack displacements were calculated from demec gauge measurements. Shear 
stresses were calculated at intervals along the critical shear crack in terms of the local crack 
opening and sliding displacements. Figure 6.38 shows the average shear stress ( cr ), which is 
parallel to the crack, along the crack. The shear stresses calculated by these models depend 
on the crack path w s . Only the rough crack model takes into account the influence of 
aggregate size on shear transfer. There is considerable variation between the stresses given by 
each model. The Hamadi & Regan model provided the greatest crack stresses and the 
Walraven & Reinhardt model gave the lowest values except for beams S1-1 and S2-1. This is 
consistent with the findings of Sagaseta (2008) who showed that the Hamadi & Regan model 
overestimates the shear stresses while the Walraven & Reinhardt model underestimates the 
shear strength.  
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(a) Beam A-1                                                        (b) Beam A-2 
  
(c) Beam S1-1                                                       (d) Beam S1-2 
  
(e) Beam S2-1                                                      (f) Beam S2-2 
Figure 6.38: The shear contribution from aggregate interlock: (a) Beam A-1; (b) Beam A-2; 
(c) Beam S1-1; (d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
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The Gambarova & Karakoc model was selected to assess the contribution from aggregate 
interlock action with increasing loads as Sagaseta (2008) found it to give reasonable results 
for his beams. A discussion on the proportion of contribution from each action is given in 
Section 6.5.4. 
Figure 6.39 show the shear stress distribution along the critical crack calculated using 
Gambarova & Karakoc model. In all cases, most of the shear stress is resisted near the top of 
the critical shear crack except for beam A-1. The major shear stresses in beam A-1 are carried 
by the bottom of crack due to unique crack kinematics (i.e. two major shear cracks formed in 
beam A-1).  
 
 (a) Beam A-2                                                      (b) Beam A-1 
 
(c) Beam S1-1                                                      (d) Beam S1-2 
 
(e) Beam S1-2                                                      (f) Beam S2-2 
Figure 6.39: The shear stress distribution along the critical crack: (a) Beam A-2; (b) Beam A-
1; (c) Beam S1-1; (d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
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Dowel action of flexural bars 
Another important action in shear transfer is dowel action which depends upon the diameter 
of the flexural bars, the concrete cover and the distance of the critical shear crack from the 
bearing plate. Three models from Section 2.2.3 were used to assess the shear contribution 
from dowel action as shown in Figure 6.40. He & Kwan gave the most conservative 
predictions of the three models considered. This dowel action model is commonly used in 
finite element analysis. It predicts a linear response which is not generally observed in 
experiments. The dowel action model proposed by Walraven & Reinhardt depends on both 
the crack opening ( w ) and sliding ( s ) displacements unlike the models of He & Kwan and 
Millard & Johnson model which only consider sliding. Sagaseta (2008) concluded that the 
Walraven & Reinhardt model gives an overly stiff response. The dowel stiffness is reduced 
when axial tension is applied due to localized damage to the concrete adjacent to the bar 
(Eleiott, 1974). The Walraven & Reinhardt model includes a reduction factor to account for 
this issue. The Millard & Johnson model relates the dowel force to the ratio of tensile stress 
in the reinforcement to its yield strength. This results in non-linear dowel behaviour shown in 
Figure 6.40. The Millard & Johnson model was adopted to assess the shear transferred by the 
dowel action in this research as it gives reasonable dowel response and considers the stress 
concentration around the rebar. Even so, the contribution of dowel action is considered 
uncertain.  
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(c) Beam S1-1                                                       (d) Beam S1-2 
  
(e) Beam S2-1                                                       (f) Beam S2-2 
Figure 6.40: The shear contribution from dowel action: (a) Beam A-1; (b) Beam A-2; (c) 
Beam S1-1; (d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
Contribution of shear reinforcement 
Four of the tested beams were reinforced with stirrups within the shear span. The diagonal 
shear cracks intersected several stirrups which consequently resisted part of the shear force. 
The contribution of the stirrups to shear resistance can be related to the crack width using the 
mechanism proposed by Sigrist (1995), in which the bond stress is assumed to be 2 ctf  prior 
to yielding and ctf after yielding as described in Section 2.2.4. A numerical model has been 
developed by the author to determinate the shear force resisted by the stirrups according to 
this mechanism. A full description of this methodology is given in Section 2.2.4. The 
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contribution of shear reinforcement in this work was calculated on the basis of the observed 
crack kinematics. The results are summarised in Figure 6.41 which shows the relationship 
between the shear force resisted by the stirrups and sliding displacement in beams S1 and S2. 
Significantly greater shear forces were resisted by the stirrups in the S2 beams than the S1 
beams. This is consistent with the observation that the failure load of S2-1 was 179kN higher 
than that of S1-1 and the failure load of S2-2 was 222kN higher than that of S1-2. It is 
interesting to note that, even though the failure load of the beams with four point loads was 
significantly greater than that of the comparable beams with two point loads, the shear force 
carried by the stirrups was higher in the beams with two point loads than that in the beams 
with four point loads. This can be explained by the fact that the critical shear crack crossed 
more stirrups in the beams with two than four point loads. This is discussed further in Section 
6.5.4. 
 
Figure 6.41: The shear contribution from vertical shear reinforcement 
Contribution of compression zone 
Shear is also resisted by the flexural compression zone in short span beams. The experimental 
evidence shows that the failure always occurred within the flexural compression zone 
adjacent to the loading plate though it is unclear whether this was the critical cause of failure. 
This suggests that the shear force carried by the compression zone is close to or larger than 
the shear resistance of the compression zone in the beams. An estimate was made of the shear 
force resisted by the flexural compression zone ( czV ) by subtracting the estimated 
contributions of aggregate interlock, dowel action and stirrups from the total shear force. The 
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results are shown in Figure 6.42. The resulting shear forces are compared with the shear 
resistances (
rcV ) given by the method of Park et al. (2011) in Figure 6.42. A full description 
of this method is given in Section 2.2.5. Figure 6.42 shows that the shear resistance of 
flexural compression zone 
rcV  is larger than the shear force carried by the compression zone 
czV in all cases. rcV and czV are thought to have been close to each other in all the beams expect 
S1-2 and S2-2. This is because that the flexural reinforcements in beams S1-2 and S2-2 were 
calculated to yield using the Park et al. method, but did not do so in reality. 
  
(a) Beam A-1                                                         (b) Beam A-2 
  
(c) Beam S1-1                                                         (d) Beam S1-2 
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(e) Beam S2-1                                                         (f) Beam S2-2 
Figure 6.42: Shear resistance of flexural compression zone (
rcV ): (a) Beam A-1; (b) Beam A-
2; (c) Beam S1-1; (d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
6.5.4 Relative contribution of each shear action 
As previously discussed, the shear force in the short span beams is considered to be carried 
by aggregate interlock action, dowel action, compression zone and transverse reinforcement. 
Several existing models were used to assess the shear resisted by each action. The 
Gambarova & Karakoc model and the Millard & Johnson model were used to determine the 
contributions of aggregate interlock action and dowel action respectively. A simple analytical 
model was developed by the author to calculate the contribution of stirrups. The contribution 
of the flexural compression zone was obtained from vertical force equilibrium. The shear 
force resisted by each action is plotted against the crack sliding displacement in Figure 6.43 
which also shows the proportions of the total shear force resisted by each method. Overall, 
the contribution of each action varies between specimens due to the different crack 
kinematics observed in each test. The main findings are summarised as follows: 
 Aggregate interlock action plays an important role in shear transfer, especially at the 
initial loading stage where more than 80% of the shear force is estimated to have been 
carried by this action as shown in Figure 6.43(a). Subsequently, the aggregate 
interlock contribution decreased moderately as the load was increased due to the 
opening of the critical shear crack. It is interesting to note that aggregate interlock 
contributed a greater proportion of total shear force for the beams with four point 
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loads (i.e. near failure: 33% in beam A-1, 45% in beam S1-1 and 30% in beam S2-1) 
than for the beams with two point loads (i.e. near failure: 18% in beam A-1, 19% in 
beam S1-1 and 17% in beam S2-1), despite the crack widths being greatest in the 
beams with four point loads. This is explained by the steeper orientation of the critical 
shear cracks in the beams with four point loads. In addition, most of the shear stress 
through the aggregate is carried by the top of the critical shear crack in all cases 
except for beam A-1 (Figure 6.39) in which the major shear stress is carried by the 
bottom of crack due to its unique crack kinematics. 
 Dowel action resisted a smaller proportion of the total shear force than aggregate 
interlock. The dowel force increases with loading due to the increase in sliding 
displacement. It should be noted that there is uncertainty in the dowel contribution 
due to the large variation in the predictions of the dowel models. 
 Vertical stirrups contributed a significant proportion to the total shear force as shown 
in Figures 6.43 (c) to (f). The stirrups contribution depends upon the crack width and 
orientation. The overall contribution of the stirrups increases as the critical shear 
crack becomes flatter as more stirrups are intersected. For instance, the stirrups of 
beams S1-2 and S2-2 resist approximately 33% and 61% of the total shear force 
respectively, which the stirrups in beams S1-1 and S2-1 only resist 23% and 31% of 
the shear force respectively. The proportion of shear force resisted by the stirrups 
remained fairly consistent throughout the loading. 
 The contribution from the compression zone is also significant, especially for short 
span beams without stirrups, in which more than 50% of shear force was carried by 
the compression zone. The proportion of the shear force carried by the compression 
zone increased with loading. 
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(a) Beam A-1 
 
(b) Beam A-2 
 
(c) Beam S1-1 
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(d) Beam S1-2 
 
(e) Beam S2-1 
 
(f) Beam S2-2 
Figure 6.43: Comparison of each shear action: (a) Beam A-1; (b) Beam A-2; (c) Beam S1-1; 
(d) Beam S1-2; (e) Beam S2-1; (f) Beam S2-2 
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It is concluded that the amount of shear transferred by each shear action depends on the crack 
shape and kinematics. Flatter cracks result in a lower aggregate interlock action and higher 
stirrups contributions. For the beams without stirrups, the aggregate interlock action and 
compression zone contributions are dominant. For the beams with stirrups, the vertical 
stirrups resist a significant fraction of the shear force but aggregate interlock action and 
compression zone are equally important. The amount of shear force carried by each action 
depends on the orientation of the critical shear crack. 
6.6 Conclusions 
Twelve beams were tested to investigate the relative accuracies of the design methods, of 
BS8110 (BSI, 1997), EC2 (BSI, 2004), fib Model Code 2010 (fib, 2010), the Zararis shear 
strength model (Zararis, 2003), the Unified Shear Strength model (Kyoung-Kyu et al., 2007) 
and the Two-Parameter theory (Mihaylov et al., 2013), for modelling shear enhancement in 
beams loaded with one or two concentrated loads within 2d of their supports. EC2 was found 
to be satisfactory for beams without shear reinforcement but much less so for beams with 
shear reinforcement where it fails to predict the influence of loading arrangement or /va d on 
shear resistance. BS8110 was found to give reasonable predictions of the shear strength for 
most of the beams tested. However, it significantly underestimated the shear resistance of the 
B2 beams ( / ~  0.7va d and no shear reinforcement). This was also the case for EC2 and fib 
Model Code 2010. The latter gives good predictions for the beams with shear reinforcement 
but overestimates the shear resistance of the S2 beams which were heavily reinforced in shear. 
The Zararis (2003) and Unified Shear Strength model (Kyoung-Kyu et al., 2007) gave 
reasonable predictions for beams with one or two point loads especially for beams without 
shear reinforcement. The Two-Parameter theory provided good predictions for beams with 
stirrups but overestimated the strengths of beams with one and two point loads. Both the 
Zararis and Unified Shear Strength methods gave the same failure loads for beams S1-1 and 
S1-2 as well as S2-1 and S2-2, even though the total failure loads for beams with four point 
loads are significantly greater than that for beams with two point loads.  
The strengths of the tested beams were also evaluated with STMs. The strength of the direct 
strut in each model was evaluated in accordance with the recommendations of EC2 and the 
MCFT. The STM-EC2 was found to overestimate the strengths of the tested beams without 
shear reinforcement unless the strength of the direct strut was taken as  0.6 1 / 250ck cdf f  at 
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each end, in conjunction with a flexural compressive stress of  1 / 250ck cdf f . This 
approach is safe but it gives progressively over conservative predictions as av/d reduces 
below 1.5 for beams both with and without shear reinforcement. Much better strength 
predictions are obtained if the strength of the direct strut is calculated in accordance with the 
recommendations of the MCFT at the CCT node. Therefore, it is interesting (surprising) to 
note that the new fib Model Code (fib, 2010) does not relate the compressive strength of 
struts to either the strut orientation or the strain in the flexural reinforcement as is considered 
in the MCFT. This should be reviewed in future revisions of EC2 and the Model Code. 
Interestingly, the BS8110 predictions follow a similar trend to those of STM-MCFT but are 
slightly more conservative. Therefore, it is suggested that consideration is given to replacing 
the current EC2 design method for shear enhancement in beams with that of BS8110 which is 
considerably simpler to apply than STM. Alternatively, a similar method could be developed 
from a mechanical model like the one  of Mihaylov et al. (2013) which also considers shear 
resistance along critical failure planes. 
NLFEA was also used to evaluate the strength of the tested beams and to assess some key 
assumptions made in the STMs. Fixed and rotating crack models were assessed in this work. 
The results show that the fixed crack model provided better results than the rotating crack 
model for short span beams, especially in 3D modelling. 2D modelling provided a good 
prediction as well but the strength of some beams was slightly overestimated which could 
result in unsafe designs. The reinforcement was modelled with embedded elements using a 
von Mises perfectly elasto-plastic material. The vertical stirrups were found to yield in all 
cases as observed. Reasonable strength predictions were obtained with 2D analysis when the 
strengths of the elements adjacent to the loading plates were enhanced. The crack patterns 
from the NLFEA agreed reasonably well with those from the tests. NLFEA was also used to 
evaluate some of the assumptions made in STM. Good agreement was obtained between the 
orientations of the compressive strut in STM and the compressive fields obtained with 2D 
NLFEA. The STM assumption that stirrups yield is consistent with the experimental data and 
NLFEA. Both STM and NLFEA gave similar strains in the flexural reinforcement.  
Various models were used to assess the shear transferred by aggregate interlock action, dowel 
action, compression zone and vertical stirrups when present. Aggregate interlock action 
contributed significantly to the shear resistance of the beams without stirrups, especially at 
the initial loading stage. However, the proportion of shear force resisted by aggregate 
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interlock decreased with loading. Aggregate interlock contributed more to the strength of the 
beams with four point loads than two point loads due to the steeper inclination of the critical 
crack.  
Dowel action plays a less important role than aggregate interlock in beams with two and four 
point loads. Vertical shear reinforcement made a significant contribution to shear resistance 
when present. The stirrups contribution depended on the crack kinematics and was greatest in 
beams with flatter critical cracks. The contribution from the flexural compression zone is 
significant particularly for beams without stirrups. Overall, the proportion of shear force 
carried by each action depends on the crack pattern and its kinematics.  
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Chapter 7  
Analysis of Continuous Deep Beams 
7.1 Introduction 
Continuous deep beams are widely used in building and civil engineering structures. Practical 
examples include transfer girders in high-rise buildings, foundation walls and pile caps. 
These types of structure were traditionally designed using empirical methods based on elastic 
stress fields (Rogowsky et al., 1986). As with simply supported deep beams, the shear 
strength of continuous deep beams increases with decreasing /a d  ratio. The strut and tie 
method provides a rational alternative to empirically based design methods for continuous 
deep beams. Several researchers have proposed STMs for continuous beams including Singh 
et al. (2006) and Zhang and Tan (2007), see Figure 7.1. The STM proposed by Singh assumes 
that the loads are transferred to the supports through direct struts. The STM proposed by 
Zhang is geometrically similar but uses Mohr‟s failure criterion to determine the strength of 
tension-compression nodal zones which is expressed as '
1 2/ / 1t cf f f f  , where 1f and 2f
are principal tensile and compressive stresses at the nodal zone respectively, 
tf and 
'
cf are the 
tensile and compressive strength of concrete. The softening effect of concrete compressive 
strength due to transverse tensile strain is also considered in Zhang‟s STM. According to his 
database, this STM gives good predictions for the 54 continuous deep beams with a COV of 
13%.  
This chapter extends the STM of Sagaseta and Vollum (2010) for simply supported beams to 
two span beams. The model is used to assess the specimens tested by Rogowsky et al. 
(Rogowsky et al., 1983, Rogowsky et al., 1986). An alternative STM is also proposed in 
which the direct struts are modelled as bottle stress fields. NLFEA is used to evaluate the 
assumptions made in the STMs. The accuracy of the STM and NLFEA strength predictions is 
also compared. 
Shear Enhancement in Reinforced Concrete Beams                      Chapter 7 Analysis of Continuous Deep Beams 
 
265 
 
 
(a) Strut and Tie model proposed by Singh et al. (2006) 
 
(b) Strut and Tie model proposed by Zhang and Tan (2007) 
Figure 7.1: Strut and Tie model for continuous beams: (a) STM proposed by Singh et al. 
(2006); (b) STM proposed by Zhang and Tan (Zhang and Tan, 2007) 
7.2 Specimens tested by Rogowsky et al.  
7.2.1 General aspects 
Rogowsky et al. (Rogowsky et al., 1983, Rogowsky et al., 1986) tested a series of 17 
continuous deep beams and 7 comparable simply supported deep beams. The tests were 
designed to investigate the influence of a) shear span to depth ratio b) amount of stirrups c) 
amount of horizontal web reinforcement and d) the failure mechanism of continuous deep 
beams. The nominal shear span to depth ratio was varied from 1.0 to 2.5 to determine its 
influence on the beam failure load and corresponding crack patterns.  The tests investigated 
the following reinforcement arrangements: a) no web reinforcement b) minimum horizontal 
web reinforcement c) maximum horizontal web reinforcement d) minimum vertical shear 
stirrups e) maximum vertical shear stirrups and f) minimum vertical stirrups and minimum 
horizontal web reinforcement. Six representative beams (BM2/1.5, BM2/2.0, BM3/2.0, 
BM5/1.5, BM5/2.0 and BM8/1.5) are considered in the present work to analyze the influence 
of span to depth ratio, vertical and horizontal web reinforcement ratio and different loading 
arrangements. Detailed descriptions of these beams are given in the following section. 
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Continuous deep beams have also been tested by Ashour (1997) amongst others. Relevant 
beams from Ashour‟s tests are also considered in this chapter. 
7.2.2 Details of specimens 
The geometric and reinforcement details of the continuous and simply supported beams are 
shown in Figures 7.2(a) and (c) respectively. The naming system for the beams consists of 
three parts, for example in BM5/2.0, BM5 denotes the beam and reinforcement type and the 
number 2.0 represents the /a d ratio. All the beams were reinforced with vertical stirrups in 
at least one shear span. Beams BM2/ and BM8/1.5 were further reinforced with horizontal 
web reinforcement. The BM2 beams had single spans whereas the other beams were 
continuous over two spans. 
In all beams, the bottom flexural reinforcement was extended throughout the beam length and 
was anchored with standard hooks. The clear cover to the outer longitudinal bars was 35mm 
while the cover to the stirrups was 25mm. The detailed beam dimensions and reinforcement 
arrangement for each beam are shown in Figure 7.2, which should be read in conjunction 
with Tables 7.1 and 7.2. The stirrups and horizontal web reinforcement consisted of 6mm 
diameter deformed bars in all the beams. The concrete mix was designed to provide a 
cylinder strength of approximately 30Mpa. The gravel was used for aggregate with a 
maximum size of 10mm. The proportions of ingredients and other relevant data for the 
concrete are given in Table 7.3. 
          
(a) Single-span beams                                                                                (b) Cross section  
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(c) Two-span beams 
Figure 7.2: Geometrical and reinforcement details of :(a) single span beams; (b) Cross section; 
(c) two span beams of Rogowsky et al. (1983) 
Table 7.1: Geometric details of beams of Rogowsky et al. (1983) 
Series A B C D 
/1.5 750 300 300 600 
/2.0 800 200 300 500 
Note: Refer to Figure 7.2 for the definition of dimensions A to D, which are in mm. 
Table 7.2: Details of beams of Rogowsky et al. (1983) 
Specimen 
'
c
f  
[Mpa] 
Top steel Bottom steel Web steela 
Number 
of bars – 
area per 
bar [mm
2
] 
s y
A f  
per bar 
[kN] 
d  
[mm] 
Number 
of bars – 
area per 
bar [mm
2
] 
s y
A f  
per bar 
[kN] 
d  
[mm] 
Number 
of 
stirrups 
Number 
of 
horizontal 
bars 
BM2/1.5N 42.4 2-28.3 16.2 580 6-200 91 535 5d 4 
BM2/1.5S        - 4 
BM2/2.0N 43.2 2-28.3 16.2 480 4-200 91 455 4 4 
BM2/2.0S        - 4 
BM3/2.0 42.5 4-200b 91 445 4-200 91 445 4  
  2-100 48 455c 2-100 48   - 
BM5/1.5 39.6 6-200b 91 535 4-200 91 545 16e  
    555c 2-100 48   - 
BM5/2.0 41.1 4-200b 91 445 4-200 91 445 16e  
  2-100 48 455c 2-100 48   - 
BM8/1.5 37.2 6-200b 91 535 4-200 91 545 5d 4 
    555c 2-100 46    
Note: 
a 
All web reinforcement was 6mm deformed bars with 16.2s yA f kN per bar; 
b
 Owing to cut-
off of bars within internal shear span only four bars with area 200mm
2
 were reported as being fully 
effective; 
c
 Effective depth of fully effective bars; 
d
 four stirrups assumed to be effective in STM3; 
e
 
14 stirrups assumed to be effective in STM3 
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Table 7.3: Concrete mix design for the specimens tested by Rogowsky et al. (1983) 
Items Weight [kg] 
Water 46 
Cement 86 
Fines 216 
Coarse 171 
7.2.3 Test procedures and results 
Each beam was initially loaded to failure after which the shear span in which failure occurred 
was strengthened with external stirrups before the beams were reloaded to failure. Hence, two 
failure loads were obtained from each specimen. The results are shown in Table 7.4. 
All the beams failed in shear and showed either brittle or ductile behaviour dependent upon 
the amount and arrangement of the web reinforcement, and the span to depth ratio. The load 
deflection responses show that the simply supported deep beams with either light or heavy 
stirrups had some ductility. This was also the case for the continuous beams with heavy 
stirrups but not for the continuous beams with light stirrups which failed in a brittle manner 
similarly to the beams without stirrups. Beam BM2/1.5 was reinforced with light horizontal 
web reinforcements in both shear spans (N and S spans) and light vertical stirrups in the north 
span (N span). The S span failed in shear compression with a reasonably straight critical 
crack whereas the N span failed due to concrete crushing at the top of concrete strut. Beam 
BM2/2.0 had similar web reinforcement to BM2/1.5 but a reduced span to depth ratio of 1.5. 
It failed in shear compression in both N and S spans and showed a ductile behaviour. Beams 
BM3/2.0 and BM5/2.0 were two-span continuous deep beams with the minimum and 
maximum amount of vertical web stirrups, respectively. Both beams failed in the interior 
shear span but the former failed in a brittle mode, unlike BM5/2.0 which failed in ductile 
shear. In addition, the strength of BM5/2.0 was 73% higher than that of BM3/2.0 due to the 
contribution of the additional vertical stirrups. Beam BM5/1.5 was reinforced with maximum 
stirrups throughout the beam. Failure occurred in the interior shear span with rapidly 
increasing deflections but no significant loss of load resistance. Beam BM8/1.5 had light 
vertical and horizontal web reinforcement, like BM2/1.5N but was continuous over two spans. 
The difference between the failure loads in the first and second tests of this beam was 
significant (i.e. 43kN), unlike the other continuous beams which failed at similar loads in 
both shear spans.  
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Fan shaped crack patterns were observed over the interior shear span of the beams with heavy 
stirrups. This indicates that the presence of the heavy stirrups reduced the contribution of the 
direct strut, from the span to support, to shear resistance. The central reaction of these beams 
was given in Table 7.4. The central reaction 
intP  is around 60% of the ultimate failure load 
ultP of these specimens which is less than the results ( / 0.69int ultP P  ) obtained from elastic 
beam analysis as a result of plane sections not remaining plane after cracking.  
Table 7.4: Experimental results of Rogowsky et al. (1983)  
Specimen Failure type 
Measured shear strength 
[kN] 
/int ultP P  
BM2/1.5N Ductile shear failure 348 - 
BM2/1.5S Sudden shear failure 226 - 
BM2/2.0N Ductile shear failure 204 - 
BM2/2.0S Ductile shear failure 185 - 
BM3/2.0 Sudden shear failure 261a-277 b 0.62-0.61 
BM5/1.5 Ductile shear failure 565 a -566 b 0.66-0.64 
BM5/2.0 Ductile shear failure 453 a -456 b 0.67-0.66 
BM8/1.5 Sudden shear failure 339 a -382 b 0.63-0.64 
Note: 
a 
Shear force in critical interior shear span at initial failure; 
b 
Shear force in other interior shear 
span at its failure subsequent to strengthening of shear span in which failure initially occurred. 
Furthermore, horizontal web reinforcement was found to have little influence on the strength 
of the deep beams (Rogowsky et al., 1983). This conclusion was also verified by tests 
conducted by Ashour (1997). Ashour tested 8 two span continuous beams with different 
bottom and top longitudinal reinforcement ratios, and vertical and horizontal web 
reinforcement ratios. Ashour found that horizontal web reinforcement had much less effect 
(i.e. shear capacity increased 6% for the beams with horizontal web reinforcement ratio of 
0.3%) on shear capacity than vertical web reinforcement (i.e. shear capacity increased 67% 
for the beams with vertical web reinforcement ratio of 0.5%). 
7.3 Analysis  
7.3.1 General aspects 
Standard coefficients for calculating bending moments and shear forces in continuous beams 
are not directly applicable to deep beams since plane sections do not remain plane. One 
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approach is to calculate the actions in continuous deep beams on the basis of 30% moment 
redistribution at internal supports as suggested by Rogowsky et al. (Rogowsky et al., 1986). 
STM offers a rational basis for the design of continuous deep beams once the reactions are 
known. Two STMs (i.e. STM3 and STM4) were developed in this work to estimate the 
failure load of continuous beams. NLFEA was also used to analyze the tested specimens 
(Rogowsky et al., 1983, Rogowsky et al., 1986) and evaluate the proposed STMs. 
7.3.2 Development of STMs  
Two STMs named STM3 and STM4 are proposed as depicted in Figures 7.3 and 7.4 
respectively. STM3 is an extension of the model developed by Sagaseta and Vollum (2010) 
for simply supported deep beams. STM4 is based on the recommendations of ACI 318 (2011) 
which model the direct struts as bottle stress fields. It should be noted that the horizontal web 
reinforcement is neglected in STM3. This assumption is consistent with Rogowsky et al.‟s 
(Rogowsky et al., 1983, Rogowsky et al., 1986) observation that horizontal web 
reinforcement had little influence on measured shear resistance.  
STM3 
 
Figure 7.3: Details of STM3 for internal shear span of continuous beams. 
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Figure 7.4: STM4 for simply supported beam 
The load is assumed to be transferred from the loading plate to the supports through a direct 
strut (strut I) acting in parallel with a truss system (strut II-stirrups-strut III) as shown in 
Figure 7.3. The bearing stress under the loading and supporting plates is limited to /ck cvf   at 
compression nodes without ties and 0.85 /ck cvf   at compression nodes with ties as required 
by EC2 (where /( )1 250ckv f  , ckf  is the characteristic concrete cylinder strength, and c  
is the material factor of safety for concrete which EC2 takes as 1.5). The stress distribution is 
assumed to be uniformly distributed across the width of the node faces and non hydrostatic. 
The strength of struts I and II is reduced by cracking and transverse tensile strains induced by 
the stirrups which are assumed to be effective within the central ¾ of the shear span as 
required by EC2. Strut III, is fan shaped like strut II, but the concrete in this region is 
essentially uncracked. Flexural continuity over the internal support has the effect of 
increasing the shear force in the internal shear spans above that in a comparable simply 
supported beam. It also makes the STM statically indeterminate unless the top flexural 
reinforcement yields in tension. Analysis of the test results of Rogowsky et al. (Rogowsky et 
al., 1983, Rogowsky et al., 1986) shows that the prior to yield, the hogging moment was 
typically between 60-70% of the moment of 0.1875PL given by elastic beam analysis. 
Equations are presented for shear failure in the internal shear span as this was critical in the 
tests of Rogowsky et al. (Rogowsky et al., 1983, Rogowsky et al., 1986) but equations for the 
shear resistance of the external spans can be derived similarly. The failure load P is defined 
in terms of the tensile strength siT  of the effective stirrups in the internal shear span as 
follows:  
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 

1
int
siTV
                                                                                                               (7.1) 
in which 
si sw yT A f  where swA is the total area of effective stirrups and   is the proportion 
of 
intV  resisted by the direct strut. Stirrups are assumed to yield at failure provided that  0  .  
The horizontal component of force in the concrete at the centre of the node over the internal 
support ' d iC T T  , where dT  and 
'
iT
 
equal the longitudinal components of force in struts I 
and III respectively: 
'' cotsii TT                                                        (7.2) 
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where   min ,  /sb csb cst t bf f f w w  is the stress in the direct strut at its bottom node when the 
strut fails due to concrete crushing at either its top or bottom node which are of widths 
tw and 
bw respectively. The coefficients csbf  and cstf denote the concrete strengths at the bottom and 
top ends of the direct strut. The coefficient   and the angles   and '  are defined in Figure 
7.3. 
The concrete strengths csbf  and cstf  are calculated in accordance with the recommendations 
of Collins et al. (2008), EC2 (BSI, 2004) and fib Model Code 2010 (fib, 2010). Collins et al. 
(2008) define the concrete strength in the direct strut as: 
 11708.0   ckcs ff                                                    (7.7) 
where   is a capacity reduction factor. In cases, where the end of the strut is crossed by a tie: 
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   21 cot002.0 LL                                                    (7.8) 
where 
L  is the strain in the tie which was calculated in terms of 1 iT T T   at the internal 
support, in which 
iT  is the longitudinal component of force resisted by strut II, and 
‟
2  iT T T   at the concentrated load. CSA A23.3 (2004) defines csf  as 0.85 ckf  at the end of 
a strut that is not crossed by a tension tie.  
EC2 defines the design concrete strength of struts in cracked compression zones as 
0.6 /cs ck cf vf   where /( )1 250ckv f  . Although not explicitly stated in EC2, this strength 
is applied at both ends of the direct strut irrespective of whether the adjoining node is crossed 
by a tie as otherwise the shear strength of beams with /   1.0va d  can be progressively 
overestimated with increasing /va d . The overestimate in strength depends on the strain in 
the flexural reinforcement and the dimensions of the bearing plates (Sagaseta and Vollum, 
2010).  
fib Model Code 2010 takes the strut strength
csf  as 0.55 fc for struts with reinforcement 
running obliquely (with angles less than 65
o
) to the direction of compression, where 
1 3(30 )fc ckf  .   
The widths of the direct strut at its top and bottom ends, 
tw  and bw  respectively, are given by:  
 cossin tdtit xlw 
                                                                                        
(7.9) 
 cossin5.0 bibib xlw 
                                                                          
(7.10) 
in which d
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 
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and 2 0.25 0.5v bi t beL a l l l    , (see 
Figure 7.3 for definition of dimensions). 
The depth of the node over the internal support bix  is calculated from axial equilibrium as 
follows: 
'( )
2d ibi
cnb
T T
x c
bf

                                                                          (7.11) 
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where the stress  0.85 /cnb ck cf vf  .  
The depth of the node under the central load 
tx  is given by: 
'( ) 2d it
cnt
T T
x d
bf

                                                                   (7.12) 
where the stress /cnt ck cf kvf   in which 1.0k  for compression nodes without ties and 0.85 
for compression nodes with ties. 
'd is the distance from the top of the beam to the centroid of 
the tie 
2T  which resists a tensile force equal to:  
 2 ( (0.5 c)) /sup cnb bi biT M f bx x h c d                                              (7.13) 
where  0.1875sup yM PL M   in which L is the distance between the centrelines of the 
supports and   is the ratio of the support moment to its elastic value of 0.1875PL . 
The angles   and '  which define the orientation of struts I and III in Figure 7.3 are given 
by: 
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The ultimate load is taken as the lowest value corresponding to either flexural failure, 
crushing of the direct strut at either end or bearing failure. Limiting the force in the direct 
strut of the internal shear span to  min ,  d csb b cst tC f w f w b  and imposing vertical 
equilibrium at the bottom node leads to:  



 sin
1
int dsi CTV 

                                                                                            (7.16) 
The shear resistance intV  is readily calculated using the following iterative procedure: 
1. Estimate   and  
2. Calculate 'iT ,   and dT  with equations (7.2) to (7.6) respectively. 
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3. Calculate cot '  with equation (7.15) 
4. Calculate new values for cot  and   as follows: 
1
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5. Return to step 2 and repeat steps 2 to 4 until cot  and   converge to the specified 
tolerance in successive iterations. 
6. Calculate the shear resistance 
intV with equation (7.16) and hence P from moment 
equilibrium. 
STM4 
The load is assumed to be transferred to the supports through the direct struts which are 
modelled as bottle stress fields as shown in Figure 7.4. The strength of the direct struts is 
calculated in terms of their width at each end which is calculated with equations (7.9) and 
(7.10) with  and  1  . It follows that the shear resistance of the inner shear span is given 
by:  
 int min ,sb b st tV f w f w                                                         (7.19) 
Following the recommendations of EC2 (BSI, 2004) for full discontinuity regions, the 
maximum allowable stress at the ends of the direct strut can be calculated in terms of the area 
of transverse reinforcement as follows: 
 
2
0.6 1 / 250
0.7
1
s ck ck
T
f f f
w
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H
  
 
 
 
                                           (7.20) 
in which w  is the width of the strut at its top or bottom node as appropriate, T  is the force 
provided by the reinforcement normal to the centreline of the strut, b  is the member 
thickness and H  is the length of the strut between its loaded ends at the nodes. The force T  
is given by: 
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sin cossh yh sv yvT A f A f                                                     (7.21) 
where shA  and svA  are the total areas of horizontal and vertical web reinforcement 
crossing the direct strut and yhf  and yvf  are the yield strengths of the horizontal and vertical 
web reinforcement respectively.   is the angle of inclination of the direct strut to the 
horizontal which is given by equation (7.14) with  and   equal to 1.   
7.3.3 STM analysis results 
STM3 and STM4 were used to estimate the strengths of beams BM2/1.5, BM5/1.5, BM8/1.5, 
BM2/2.0, BM3/2.0 and BM5/2.0 of Rogowsky et al. (1983, 1986). Beams BM2/1.5 and 
BM2/2.0 had single spans whereas the other beams were continuous over two spans. The 
tensile force in the top flexural reinforcement of the continuous beams is indeterminate and 
needs to be assumed unless strain compatibility is accounted for in the STM. From the point 
of view of analysis, it is conservative to assume that the bending moment at the internal 
support equals the lesser of the elastic value of 0.1875PL calculated using beam theory, or the 
moment of resistance as this maximises the shear force in the inner span which is critical for 
the tested beams. However, the test results show that this approach underestimates the shear 
force in the external spans and that the ratio between the reactions at the inner and outer 
supports is better estimated if the support moment is assumed to equal 70% of its elastic 
value prior to yield of the flexural reinforcement. Therefore, the support moment was 
assumed to be 70% of its elastic value, but not greater than the yield moment. The results of 
the analyses are given in Table 7.5 along with the predicted flexural failure loads which were 
calculated neglecting strain hardening and the contribution of the horizontal web 
reinforcement as in the STMs. The flexural failure loads in Table 7.5 are greater than given 
by the STM neglecting shear failure, as flexural hinges were assumed to develop at the faces 
of the stub columns.  
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Table 7.5: Summary of STMs results for the specimens tested by Rogowsky et al.   
Specimen 
Measured 
shear strength 
[kN] 
/flex testP P  
Flexure 
c 
/pred testV V  
STM3-EC2 
STM3-
MCFT 
STM3-fib 
STM4-
EC2 
BM2/1.5N 348 0.93 0.87 0.94 0.85 0.77 
BM2/1.5S 226 1.43 1.18 1.11 1.15 1.18 
BM2/2.0N 204 0.86 0.88 1.03 0.86 0.72 
BM2/2.0S 185 0.95 0.79 0.75 0.77 0.79 
BM3/2.0 261a-277 b 1.37-1.32 1.11-1.05 0.87-0.93 1.09-1.03 0.82-0.77 
BM5/1.5 565 a -566 b 1.06-1.03 0.90 1.04 0.88 0.75 
BM5/2.0 453 a -456 b 0.99-0.96 1.00d 1.00d 1.00 0.67 
BM8/1.5 339 a -382 b 1.49-1.34 1.16-1.03 0.97-0.86 1.17-1.04 0.91-0.80 
Note: 
a 
Shear force in critical interior shear span at initial failure; 
b 
Shear force in other interior shear 
span at its failure subsequent to strengthening of shear span in which failure initially occurred. 
c
 
Predicted to be critical when less than /pred testV V ; 
d
 14 stirrups assumed to yield in inner shear span at 
failure. 
7.3.4 NLFEA 
Nonlinear finite element analysis was carried out using DIANA (TNO-DIANA, 2011) to 
simulate the specimens tested by Rogowsky et al. (Rogowsky et al., 1983, Rogowsky et al., 
1986).   Beams BM2/1.5, BM5/1.5, BM8/1.5, BM2/2.0, BM3/2.0 and BM5/2.0 were selected 
for comparison with the predictions obtained with the STMs. As shown in Chapter 6, 2D 
NLFEA modelling gives reasonable results for reinforced concrete beams failing in shear. In 
this work, a total strain fixed crack model was adopted to simulate the crack behaviour as in 
short span beams. A parabolic compressive stress-strain relationship was used for concrete in 
conjunction with the Hordijk strain softening model for tension as described in Chapter 3. A 
mesh size of 50mm was adopted since a coarser mesh resulted in an overly stiff response 
while a finer mesh gave similar results but with significantly greater computational time. 
Eight-node plane stress elements CQ16M were adopted since it has been shown by the author 
in Chapter 6 that it was able to give reasonable predictions of the shear resistance of short 
span beams. The geometrical and reinforcement arrangements of the analysed beams are 
shown in Figure 7.5. 
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(a) BM 2/1.5                                                        (b) BM 2/2.0 
 
(c) BM3/2.0  
 
(d) BM5/1.5 
 
(e) BM5/2.0 
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(f) BM8/1.5 
Figure 7.5: Geometry and reinforcement arrangement of the specimens tested by Rogowsky 
et al (1981): (a) BM2/1.5; (b) BM2/2.0; (c) BM3/2.0; (d) BM5/1.5; (e) BM5/2.0; (f) BM8/1.5 
As in Chapter 6, the tensile strength of concrete was calculated using equation (6.43) which 
was proposed by Bresler and Scordelis (1963). The tensile fracture energy 
fG  was calculated 
with equations (3.13) and (3.14), which depend upon the concrete strength and aggregate size. 
The compressive fracture energy was assumed to be 100 times the tensile fracture energy. 
The crack bandwidth was defined as A , which was 50mm in this work. It should be noted 
that it was not found necessary to enhance the concrete strength of the beam within the 
elements adjacent to the columns as was done for the beams tested in this research. The 
failure loads obtained from the NLFEA are summarised in Table 7.6. 
Table 7.6: Summary of NLFEA results 
Specimen 
Measured 
shear strength 
[kN] 
'
cf  
[MPa] 
cE  
[GPa] 
fG  
[N/mm] 
/pred testV V  
NLFEA 
BM2/1.5N 348 42.4 35.74 8.16E-02 0.85 
BM2/1.5S 226 42.4 35.74 8.16E-02 1.12 
BM2/2.0N 204 43.2 35.91 8.25E-02 0.93 
BM2/2.0S 185 43.2 35.91 8.25E-02 0.92 
BM3/2.0 261a-277 b 42.5 35.76 8.17E-02 0.91-0.86 
BM5/1.5 565 a -566 b 39.6 35.13 7.84E-02 0.93 
BM5/2.0 453 a -456 b 41.1 35.46 8.01E-02 0.92 
BM8/1.5 339 a -382 b 37.2 34.59 7.56E-02 1.02-0.9 
Note: 
a 
Shear force in critical interior shear span at initial failure; 
b 
Shear force in other interior shear 
span at its failure subsequent to strengthening of shear span in which failure initially occurred. 
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Table 7.6 shows that NLFEA gave good predictions for the specimens tested by Rogowsky et 
al. The strength of only two specimens (i.e. BM2/1.5S and BM8/1.5) was slightly 
overestimated. The simulated crack pattern of each beam is depicted in Figure 7.6. 
  
(a) BM2/1.5N                                                      (b) BM2/1.5S 
  
(c) BM2/2.0N                                                      (d) BM2/2.0S 
 
(e) BM3/2.0 
 
(f) BM5/1.5 
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(g) BM5/2.0 
 
(h) BM8/1.5 
Figure 7.6: Crack pattern of tested specimens (Rogowsky et al.): (a) BM2/1.5N; (b) 
BM2/1.5S; (c) BM2/2.0N; (d) BM2/2.0S; (e) BM3/2.0; (f) BM5/1.5; (g) BM5/2.0; (h) 
BM8/1.5 
The crack patterns obtained from NLFEA are very similar to those obtained experimentally, 
see Rogowsky et al. (Rogowsky et al., 1983). It should be noted that the „fan‟ shaped crack 
patterns which developed in beams BM2/1.5S, BM5/1.5 and BM5/2.0 were also observed 
experimentally. In NLFEA, the vertical stirrups mostly yielded at failure in the critical shear 
spans of the beams with both minimal and maximum stirrups (see Figure 7.7). This is not the 
case for the STM, where flexural failure occurs before yielding of the stirrups in the beams 
with maximum stirrups. 
 
(a) BM3/2.0 (continuous beams with minimum stirrups) 
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(b) BM5/2.0 (continuous beams with maximum stirrups) 
Figure 7.7: Stress in the vertical web reinforcement: (a) BM3/2.0 (continuous beams with 
minimum stirrups); (b) BM5/2.0 (continuous beams with maximum stirrups) 
Figure 7.8 shows the strain along the bottom longitudinal reinforcement at specific loading 
stages. The NLFEA and experimental strains agree reasonably well, even though perfect 
bond is assumed between the concrete and reinforcement in the NLFEA. 
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(b) BM2/2.0 
 
(c) BM3/2.0 
 
(d) BM5/1.5 
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(e) BM5/2.0 
Figure 7.8: Strain along the bottom longitudinal reinforcement: (a) BM2/1.5; (b) BM2/2.0; (c) 
BM3/2.0; (d) BM5/1.5; (e) BM5/2.0 
Influence of horizontal web reinforcement on shear resistance 
Unlike STM4 which calculates the strength of concrete strut in terms of stresses in both 
vertical and horizontal web reinforcements, STM3 neglects the influence of horizontal web 
reinforcement. In the NLFEA, the horizontal web reinforcement yields in all cases as shown 
in Figure 7.9 with the maximum stresses occurring in the critical shear span.  
 
(a) BM2/1.5N                                                         (b) BM2/1.5S 
 
(c) BM2/2.0N                                                          (d) BM2/2.0S 
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(e) BM8/1.5 
Note: yield strength of horizontal web reinforcement is 573MPa 
Figure 7.9: Stress in the horizontal web reinforcement: (a) BM2/1.5N; (b) BM2/1.5S; (c) 
BM2/2.0N; (d) BM2/2.0S; (e) BM8/1.5 
Figure 7.10 shows the arrangements of horizontal reinforcement used in the tests of 
Rogowsky et al. considered in this work. 
 
Note: The horizontal web steel is the same in each. 
Figure 7.10: Two arrangement of horizontal web reinforcement H1 (/2 beams) and H2 (/1.5 
beams) 
Rogowsky et al. (1986) concluded that horizontal web reinforcement had little influence on 
the strength of deep beams. However, NLFEA method predicts the shear strength to increase 
slightly with the horizontal web reinforcement ratio /s y ckA f bdf as shown in Figure 7.11. 
NLFEA was used to calculate the strength of BM3/2.0 with horizontal reinforcements H1 and 
H2 from Figure 7.10. The results are shown in Figure 7.11 which shows little difference in 
strength between these two arrangements. This is unsurprising as the area of horizontal rebar 
is the same in each case with just the bar spacing varying. Figure 7.11 also shows beam 
strengths calculated with STM. It should be noted that although horizontal web reinforcement 
was considered in STM4, the strength of the direct strut was governed by the lower bound of 
 0.6 1 / 250ck ckf f rather than the area of web reinforcement. Thus, the results calculated 
with STM4 were independent of the horizontal web reinforcement ratio /s y ckA f bdf up to a 
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critical horizontal web reinforcement ratio of / 0.092s y ckA f bdf  . Ashour (1997) also showed 
experimentally that horizontal web reinforcement plays a less important role than vertical 
web reinforcement on shear capacity. Figure 7.11 shows that STM4 provides the most 
conservative results, whereas STM3-EC2 and STM3-fib overestimate the measured strength.   
 
Figure 7.11: Influence of horizontal web reinforcement ratio /s y ckA f bdf on continuous deep 
beams (BM3/2.0) 
Influence of flexural reinforcement on shear resistance 
Figure 7.12 shows the influence of the sagging flexural reinforcement ratio (bottom ratio) on 
the strength of beam BM3/2.0. The flexural capacity increased with the reinforcement ratio as 
expected. STM3-EC2 neglects the influence of the bottom reinforcement ratio on shear 
resistance unlike STM3-MCFT which predicts the shear strength to steadily increase with 
bottom reinforcement ratio up to a ratio of 0.6%. Subsequently, the shear resistance is 
governed by the concrete strength at the top node. 
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Figure 7.12: Influence of bottom reinforcement ratio /sbA bh on continuous deep beams 
(BM3/2.0) 
7.3.5 Comparison of results  
The strength predictions /pred testV V  and a statistical analysis of the results are summarised in 
Table 7.7 for STM3, STM4 and NLFEA. Table 7.7 shows that NLFEA provides the most 
consistent predictions for the beams tested by Rogowsky et al with a covariance of 8%. 
STM3 also gives reasonable predictions of the measured shear strengths, especially when the 
direct strut strength is calculated with the recommendations of the MCFT. The predictions 
obtained with STM3-EC2 and STM3-fib are similar but less good. 
STM4 underestimates the contribution of the shear reinforcement which is predicted to only 
increase the shear resistance of the BM5 beams which were very heavily reinforced with 
stirrups. Consequently, STM4 predicts the same shear resistance for the north and south shear 
spans of the BM2/ beams unlike STM3 which correctly predicts the stirrups in the north shear 
span to increase shear resistance.  Statistics are presented for the shear strength predictions of 
each STM even when greater than the predicted flexural strength as the ultimate strength of 
the flexural reinforcement was around 1.7 times the yield strength. Furthermore, all the 
beams failed in shear. 
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Table 7.7: Comparison of /pred testV V in critical shear span of analyzed beams at failure 
Specimen 
Measured 
shear 
strength 
/pred testV V  
STM3-EC2 STM3-MCFT STM3-fib STM4-EC2 NLFEA 
BM2/1.5N 348 0.87 0.94 0.85 0.77 0.85 
BM2/1.5S 226 1.18 1.11 1.15 1.18 1.12 
BM2/2.0N 204 0.88 1.03 0.86 0.72 0.93 
BM2/2.0S 185 0.79 0.75 0.77 0.79 0.92 
BM3/2.0 261a-277 b 1.11-1.05 0.93-0.87 1.09-1.03 0.82-0.77 0.91-0.86 
BM5/1.5 565 a -566 b 0.9 1.04 0.88 0.75 0.93 
BM5/2.0 453 a -456 b 1.00c 1.00c 1.00c 0.67 0.92 
BM8/1.5 339 a -382 b 1.16-1.03 0.97-0.86 1.17-1.04 0.91-0.80 1.02-0.90 
Statistical analysis of /pred testV V  
Mean 0.99 0.96 0.98 0.80 0.93 
Standard deviation 12 10 13 14 7 
Covariance 12 10 13 17 8 
Note: 
a 
Shear force in critical interior shear span at initial failure; 
b 
Shear force in other interior shear 
span at its failure subsequent to strengthening of shear span in which failure initially occurred. 
c
 14 
stirrups assumed to yield in inner shear span at failure. 
In order to better understand the accuracy of NLFEA and the moment redistribution assumed 
in STM, beam reactions were also examined in this research. Table 7.8 shows the normalised 
reactions measured in experiments and calculated by NLFEA and from the redistributed 
elastic moments.  
Table 7.8: Beam reactions predicted by NLFEA and redistributed elastic moment analysis 
Beams 
Failure 
side 
northR [kN] .centR [kN] southR [kN] 
test NLFEA Red.  test NLFEA Red.  test NLFEA Red.  
BM3/2.0 N 0.19 0.19 0.18 0.63 0.63 0.63 0.18 0.19  0.18 
 
S 0.19 0.19 0.18 0.62 0.63 0.63 0.19 0.19  0.18 
BM5/1.5 N 0.18 0.18 0.18 0.64 0.65 0.63 0.18 0.19  0.18 
 
S 0.17 0.18 0.18 0.66 0.65 0.63 0.17 0.18  0.18 
BM5/2.0 N 0.17 0.17 0.18 0.66 0.65 0.63 0.17 0.17  0.18 
 
S 0.17 0.17 0.18 0.67 0.65 0.63 0.16 0.17  0.18 
BM8/1.5 N 0.18 0.19 0.18 0.64 0.63 0.63 0.18 0.19  0.18 
 
S 0.19 0.19 0.18 0.63 0.63 0.63 0.18 0.19  0.18 
Note: moment redistributed factor is 0.7 in the calculation of elastic redistributed moment method; the 
number in brackets denotes the proportion resisted by each bearing plate. 
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A good agreement was obtained between the experimental results, FE method and analytical 
work. That means the moment redistributes to 0.7 of elastic moment assumed in STM is 
reliable. 
7.4 Conclusions 
Two STMs are developed in this chapter for analysing the continuous deep beams tested by 
Rogowsky et al. (Rogowsky et al., 1983, Rogowsky et al., 1986). The STM are an extension 
of STM1 from Chapter 6 which was developed by Sagaseta and Vollum (2010). STM3 
consists of a direct strut acting in parallel with a truss system whereas STM4 models the 
direct strut as a bottle stress field. Statistical analysis of the results shows that STM is a 
reliable technique for evaluating the shear resistance of short span beams particularly if the 
strength of the direct struts is calculated in accordance with the recommendations of the 
MCFT. STM3-EC2 and STM3-fib also give reasonable strength predictions for Rogowsky‟s 
beams but the strength of several beams are overestimated (i.e. BM2/1.5S, BM3/2.0 and 
BM8/1.5). STM4 calculates the strength of the direct strut in terms of the tensile resistances 
of the vertical and horizontal web reinforcements unlike STM3 which neglects horizontal 
web reinforcement. Rogowsky et al. concluded that horizontal web reinforcement has little or 
no influence on the shear capacity of deep beams. STM3-EC2 neglects the influence of the 
flexural reinforcement ratio on shear resistance unlike STM3-MCFT which predicts the shear 
strength to steadily increase with the sagging flexural reinforcement ratio up to a ratio of 
0.6%. Overall, STM3 gives significantly more accurate predictions of shear strength than 
STM4, which underestimates the contribution of the web reinforcement.  
NLFEA was also carried out for comparison with the STM and experimental results. A 
parabolic compressive model and Hordijk tensile model were adopted in the NLFEA. The 
NLFEA results agreed well with the experimental results for both the simply supported and 
continuous deep beams. The strut orientations in STM are consistent with the prediction 
obtained from NLFEA. The NLFEA also gave reasonable estimates of the measured 
reinforcement strains. In addition, the beam reactions given by NLFEA and redistributed 
elastic moments method is highly consistent with the results obtained from experimental 
work. However, the NLFEA predicts horizontal web reinforcement to have a slightly greater 
influence than observed. 
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Overall, both NLFEA and STM give reliable predictions on the continuous deep beams 
particularly if the strength of the direct struts is calculated in accordance with the 
recommendations of MCFT. 
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Chapter 8  
Conclusions 
8.1 Introduction 
The main objective of this research is to develop improved design guidelines for shear 
enhancement in beams with multiple concentrated loads applied on their upper side within a 
distance of 2d  from the edge of supports (where d is the beam effective depth). This research 
involves a combination of laboratory testing, nonlinear finite element analysis and analytical 
work.  
The thesis studies the influences of flexural reinforcement, shear reinforcement, shear span, 
loading arrangement and concrete cover on the shear strength of short span reinforced 
concrete beams. Various commonly used design methods for shear are evaluated using data 
from beam tests carried out by the author amongst others. Various STMs were developed for 
the design of simply supported and continuous short span beams. Mechanisms of shear 
transfer are also assessed in this research.  
This chapter summarises the main findings of this research and makes recommendations for 
future work. 
8.2 General background 
The literature review highlights the following key points: 
 Empirical design equations are particularly prevalent but limited in scope as they fail 
to consider the interaction of the many variables which control shear strength. For 
example, shear strength is known to depend upon the flexural reinforcement ratio, 
concrete strength, shear reinforcement ratio, shear span to depth ratio and loading 
arrangement.  
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 Shear resistance is provided by the compression zone, aggregate interlock, shear 
reinforcement and dowel action. The contribution of each action depends on the 
kinematics and shape of the critical shear crack.  
 There are significant differences in code design provisions for shear. For example 
BS8110 takes the shear resistance as the sum of the resistances provided by the 
concrete alone and the shear reinforcement whereas EC2 assumes that the shear 
resistance is entirely resisted by the shear reinforcement if present. 
 Various mechanically based shear resistance models are described in the literature of 
which three are considered in this research. These models are based on considerations 
of equilibrium and an assumed failure mechanism. For example, the Zararis model 
(Zararis, 2003) assumes shear resistance be provided by contributions from the 
compression zone above the critical shear crack, the web reinforcement and dowel 
action. Similarly, the Unified Shear Strength model of Kyoung-Kyu et al. (Kyoung-
Kyu et al., 2007) assumes that shear is resisted by the flexural compression zone and 
shear reinforcement if present. The method neglects the influence of dowel action and 
aggregate interlock which may affect its accuracy. The Two-Parameter kinematic 
theory of Mihaylov et al. (Mihaylov et al., 2013) relates the shear resistance to the 
vertical translation of the compression zone and the average strain in the flexural 
reinforcement. It can be used to evaluate crack widths, maximum deflections and the 
complete displacement field of deep and short-span beams.  
 The strut and tie method (STM) is a practical method for designing disturbed “D” 
regions in which plane sections do not remain plane. The method is suited for the 
design of structures like short span beams which are the subject of this research. STM 
has been codified into several national design standards such as EC2, CSA and fib 
Model Code 2010. The major difficulty in applying STM lies in the generation of a 
suitable STM and the definition of node dimensions. 
8.3 Conclusions from laboratory tests of short span beams 
Two series of beams were tested to investigate the influences of the flexural and shear 
reinforcement ratios, concrete cover, bearing plate dimensions and loading arrangement on 
the shear resistance short span beams. All the beams had the same notional geometry. The 
beams were simply supported and subjected to various loading arrangements (single, two-
point and four-point loadings). Crack displacements were recorded with demecs and cross-
Shear Enhancement in Reinforced Concrete Beams                                                             Chapter 8 Conclusions 
293 
 
transducers. Reinforcement strains were measured with electrical resistance strain gauges as 
well as demecs.  Good agreement was obtained between the various measurement techniques 
which gives added confidence to the experimental results. 
All the beams failed in shear but the type of failure varied depending on the loading 
arrangement and shear reinforcement ratio. The shear span supported by the narrowest 
bearing plate was predicted by strut and tie modelling to be critical in all cases. However, this 
was not the case for half of the twelve beams which failed on the side of the widest bearing 
plate. Failure always occurred in the shear span in which the potentially critical shear crack 
was widest. Opening of the critical shear crack was dominant over sliding in all the tested 
beams. However, crack sliding increased more rapidly than crack opening near failure. 
Moreover, the ratio of opening over sliding was greater in beams with two point loads 
( / 2w s  ) than in beams with four point loads ( / 1.5w s  ). The width of the critical shear 
crack increased less rapidly with load as the number of stirrups was increased. 
The data from the beam tests was used to evaluate the design methods of BS8110, EC2 and 
fib Model Code 2010 for shear enhancement within 2d of supports. EC2 was found to be 
satisfactory for beams without shear reinforcement but much less so for beams with shear 
reinforcement. BS8110 was found to give reasonable predictions of the shear strength for 
most of the beams tested. fib Model Code 2010 gave reasonable predictions for the beams 
with shear reinforcement. The Zararis (Zararis, 2003) and Unified Shear Strength model 
(Kyoung-Kyu et al., 2007) gives reasonable predictions for the beams with one and two point 
loads, especially for beams without shear reinforcement. The Two-Parameter theory tends to 
overestimate the strength of the author‟s beams. Both the Zararis and Unified Shear Strength 
methods give the same failure loads for beams S1-1 and S1-2 with four point loads as beams 
S2-1 and S2-2 with two point loads, even though the beams with four point loads resisted 
significantly greater loads.  
A STM was developed for the beams loaded with two concentrated loads within 2d of their 
supports. The strength of the direct strut in each model was evaluated in accordance with the 
recommendations of EC2 and the MCFT. STM-EC2 was found to overestimate the strengths 
of the tested beams without shear reinforcement unless the strength of the direct strut was 
taken as  0.6 1 / 250ck cdf f  at each end, in conjunction with a flexural compressive stress 
of  1 / 250ck cdf f . This approach is safe but it gives progressively over conservative 
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predictions as av/d reduces below 1.5 for beams both with and without shear reinforcement. 
Much better strength predictions are obtained if the strength of the direct strut is calculated in 
accordance with the recommendations of the MCFT. 
Different physical and theoretical models were used to assess the shear transferred by 
aggregate interlock action, dowel action, compression zone and vertical stirrups if present. 
The proportion of the shear force carried by each action depends on the crack pattern and its 
kinematics. Aggregate interlock action made the greatest contribution to the shear resistance 
of beams without stirrups, especially at the initial loading stage. However, its proportional 
contribution decreased with increasing loading. Aggregate interlock contributed more in the 
beams with four point loads than in those with two point loads because of the steeper 
inclination of the critical shear crack. The contribution of the flexural compression zone was 
significant as well, especially for beams without stirrups. The vertical shear reinforcement 
resisted a significant proportion of the shear force in the beams with stirrups. The 
contribution of the stirrups increased as the angle of the critical shear crack became flatter.  
The proportion of the shear force resisted by the stirrups remained fairly constant after 
cracking. Dowel action played the least important role in shear resistance. .  
Both 2D and 3D NLFEA was used to model the response of the tested beams. The analysis 
was carried out using the total strain model in DIANA v 9.3 (TNO-DIANA, 2011). Rotating 
and fixed crack models were considered. The fixed crack model was found to provide the 
best results in both 2D and 3D. A parabolic stress strain curve was used for concrete in 
compression. The compressive fracture energy ( cG ) was assumed to be 100 times the tensile 
fracture energy (
fG ) which was calculated in accordance with the recommendations of fib 
Model Code 1990. The Hordijk curve was used to model the tensile softening of concrete 
after cracking. „Embedded bars‟ were used with perfect bond to simulate steel reinforcement. 
The Newton-Raphson solution procedure was used in conjunction with an automated load 
stepping approach to allow more efficient convergence of the results. 8-node quadrilateral 
isoparametric plane elements were used for 2D modelling and 20-node isoparametric solid 
brick elements for 3D modelling. It was found necessary in the 2D analysis to increase the 
concrete strength around the loading plates to three times the concrete compressive strength 
to overcome premature failure due to localised concrete crushing. The enhanced concrete 
strength around the bearing plates was sufficiently high that it did not directly affect the 
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calculated failure loads. The strength enhancement of the elements adjacent to the loading 
plate in the 2D modelling accounts for the effect of localised concrete confinement.  
Comparisons were made between the reinforcement strains and crack patterns from the 
NLFEA and the beam tests. The measured and predicted strains agreed well in both the 
stirrups and longitudinal reinforcement. The crack pattern of the tested specimens was also 
well simulated. Moreover, good agreement was found between the orientations of the struts 
in STM and the compressive field from the NLFEA. 
8.4 Modelling of continuous deep beams 
Two STMs (STM3 and STM4) were proposed to analyze the continuous deep beams tested 
by Rogowsky et al. STM3 consisted of a direct strut acting in parallel with a truss system 
whereas STM4 modelled the direct strut as a bottle stress field. Statistical analysis of the 
results shows that STM is a reliable technique for evaluating the shear resistance of short 
span beams particularly if the strength of the direct struts is calculated in conformity with the 
recommendations of the MCFT. STM3 gave notably more accurate predictions of shear 
strength than STM4, which slightly underestimated the contribution of the web reinforcement. 
Unlike STM3 which neglected the influence from horizontal web reinforcement, STM4 
calculated the strength of concrete strut in terms of stresses in both vertical and horizontal 
web reinforcements. The NLFEA were used to analyse the tested specimens by Rogowsky et 
al. (Rogowsky et al., 1983, Rogowsky et al., 1986) and evaluate the development of STMs 
based on the calibrations derived from the analysis of short span beams. The prediction of 
compressive field from NLFEA was consistent with the assumptions in STMs. The 
reinforcement strain in the vertical and horizontal reinforcement provided by NLFEA was 
also consistent with the experimental results. NLFEA showed that the shear capacity slightly 
increased with increasing amount of horizontal web reinforcement which is consistent with 
specimens tested by Ashour (Ashour, 1997) but not the tests of Rogowsky et al. (Rogowsky 
et al., 1983) In addition, the beam reactions given by NLFEA and redistributed elastic 
moments method agreed well with the experimental results.  
Shear Enhancement in Reinforced Concrete Beams                                                             Chapter 8 Conclusions 
296 
 
8.5 Design recommendations for simply supported short span and 
continuous deep beams 
The sectional design method of EC2 provides reasonable estimates of shear strength for 
beams without shear reinforcement but much less so for beams with shear reinforcement 
where it failed to predict the influence of loading arrangement or /va d on shear resistance. 
BS8110 was found to be satisfactory for most of the beams tested, especially for the beams 
with shear reinforcement. fib Model Code 2010 was found to give inconsistent results for the 
tested beams and is no better than EC2 in this respect. It is suggested that consideration is 
given to replacing the current EC2 sectional design method for shear enhancement in beams 
with that of BS8110 which is more accurate for beams with shear reinforcement and simpler 
to apply. 
Several novel STMs were developed by author to analyze shear enhancement in short span 
beams and continuous deep beams. The strength of the direct strut in each model was 
evaluated in accordance with the recommendations of EC2 and the MCFT. Much better 
strength predictions are obtained if the strength of the direct strut is calculated in accordance 
with the recommendations of the MCFT at the CCT node. Therefore, it is striking to note that 
the new fib Model Code (fib, 2010) STM recommendations do not relate the compressive 
strength of struts to either the strut orientation (apart from a threshold of 65
o
) or the strain in 
the flexural reinforcement as is done in the MCFT. It is suggested that this decision is 
reviewed in future revisions of EC2 and the Model Code. It is notable that a significant 
number of beams failed on the side of the wider bearing plate which is not predicted by the 
STM. This is significant as it suggests that the strategy of increasing shear strength by 
increasing bearing plate width could lead to unsafe designs. 
The NLFE method was used to investigate shear enhancement in reinforced concrete beams. 
Reasonable and consistent results were obtained for continuous deep beams but less good 
results were obtained for simply supported short span beams. This may be due to the chosen 
of concrete constitutive model and the choice of input parameters such as shear retention 
factor. NLFEA is not recommended for modelling shear enhancement of reinforced concrete 
beams unless carefully calibrated with appropriate test data. The advantage of STM is that it 
gives reasonable predictions of shear resistance using codified concrete strengths. 
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8.6 Recommendations for future work 
The thesis provides new experimental results and insights into shear enhancement in beams 
loaded on their upper side within 2d of supports.  The research addresses the lack of data in 
the existing literature on beams with multiple point loads which are commonly used in 
practice. Some recommendations for future work are listed below. 
 Further investigations are required to determine whether size effects need to be 
considered in the design of deep beams. There are two schools of thought here. 
Researchers like Bayrak (2011) consider that size effects do not need to be considered 
in deep beams designed using the STM as their effect is accounted for in the 
dimensioning of nodes and struts. Other researchers like Walraven (1994) consider 
that there is a proportional reduction in strength in large deep beam even if the 
dimensions of the bearing plates are increased proportionally.  In this context, it is 
interesting to note that half the short span beams tested in this programme failed on 
the side of the wider bearing plate contrary to the predictions of the STM.  
 The influence of compression reinforcement in short span beams needs further 
investigation. Flexural compression reinforcement was found to significantly affect 
the failure mode of the flexural compression zone in beam A-1 of this programme. 
However, existing design methods do not consider the influence of flexural 
compression reinforcement on shear resistance. Similarly, further research is required 
to assess the influence on shear resistance of stirrups provided outside the shear span 
(as in the second set of beams) for reinforcement anchorage.  
 Further experimental and analytical work is required to investigate the influence of 
node dimensions on the shear resistance of D regions.  
 Further experimental investigations are required to determine the influence of 
horizontal web reinforcement on the shear resistance of short span beams. 
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Appendix I  
Table: Comparison and statistical analysis of different design methods (Mean strength) 
Beam 
critical 
side
† 
P  
[kN] 
/cal testP P  
Test Flex EC2 
BS 
8110 
fib Zara. Unif. 
Two 
Para. 
STM 
EC2 
STM 
MCFT 
Beams with single and two point loads 
B1-25 R+ 368 558 0.62 0.59 0.60 1.31 0.81 0.91 1.21 0.82 
B1-50 L+ 352 510 0.60 0.57 0.58 1.17 0.67 0.93 1.65 0.93 
B2-25 R+ 977 1001 0.51 0.48 0.37 1.39 0.65 1.25 0.80 0.83 
B2-50 L+ 929 942 0.49 0.46 0.36 1.19 0.61 1.26 1.09 0.94 
A-2 L+ 349 890 0.66 0.69 0.59 1.38 0.60 0.81 1.42 0.95 
S1-2 R+ 601 890 0.85 0.80 0.85 0.99 0.71 1.15 0.97 0.86 
S2-2 R+ 820 890 0.94 0.74 0.93 0.89 0.79 1.32 0.82 0.79 
Beams with four point loads 
B3-25 R+ 480 726 0.65 0.90 0.57 1.10 0.69 1.17 1.21 1.00 
B3-50 L+ 580 684 0.50 0.69 0.43 0.77 0.47 1.52 1.29 0.90 
A-1 R+ 823 1235 0.35 0.54 0.33 0.58 0.25 1.08 0.60 0.53 
S1-1 L+ 1000 1235 0.57 0.81 0.76 0.59 0.43 1.15 0.85 0.85 
S2-1 L+ 1179 1235 0.72 0.81 0.96 0.62 0.55 1.27 0.77 0.79 
Statistical analysis of /cal testP P  
First series of beams 
Mean 0.56 0.62 0.49 1.16 0.65 1.17 1.16 0.90 
COV % 12 26 23 19 17 20 22 8 
Second series of 
beams 
Mean 0.68 0.73 0.74 0.84 0.56 1.13 0.91 0.80 
COV % 30 14 33 38 35 16 31 18 
Beams without stirrups 
and 1/2 point loads 
Mean 0.57 0.55 0.50 1.29 0.67 1.03 1.14 0.86 
COV % 11 14 25 8 13 20 24 6 
All beams with four 
point loads
§ 
Mean 0.61 0.80 0.68 0.77 0.54 1.28 1.03 0.89 
COV % 16 11 34 30 21 13 25 10 
All beams with shear 
reinforcement 
Mean 0.76 0.74 0.88 0.77 0.62 1.22 0.77 0.76 
COV % 26 6 10 26 26 7 21 10 
All Beams (Actual 
failure side)
 § 
Mean 0.65 0.69 0.64 1.04 0.63 1.16 1.10 0.88 
COV % 22 21 33 28 16 18 26 8 
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Note: The calculations are based on the mean concrete strength: 
ckf = 45.7Mpa for first series 
of beams, 
ckf = 35.6Mpa for second series of beams; †for observed critical shear span; + 
calculated for right (R)/left (L) shear span as defined in Figure 6.1; 
§ 
beams except beam A-1. 
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